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❚❤❡ ❈♦♠♣❈❡rt ▼❡♠♦r② ▼♦❞❡❧✱ ❱❡rs✐♦♥ ✷
❳❛✈✐❡r ▲❡r♦②∗†✱ ❆♥❞r❡✇ ❲✳ ❆♣♣❡❧‡ §✱ ❙❛♥❞r✐♥❡ ❇❧❛③②¶†✱
●♦r❞♦♥ ❙t❡✇❛rt‡ §
Pr♦❥❡❝t✲❚❡❛♠s ●❛❧❧✐✉♠ ❛♥❞ ❈❡❧t✐q✉❡
❘❡s❡❛r❝❤ ❘❡♣♦rt ♥➦ ✼✾✽✼ ✖ ❏✉♥❡ ✷✵✶✷ ✖ ✷✻ ♣❛❣❡s
❆❜str❛❝t✿ ❆ ♠❡♠♦r② ♠♦❞❡❧ ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❢♦r♠❛❧ s❡♠❛♥t✐❝s ♦❢ ✐♠♣❡r❛t✐✈❡
♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s✿ ✐t s♣❡❝✐✜❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦♣❡r❛t✐♦♥s ♦✈❡r ♠❡♠♦r② st❛t❡s✱ s✉❝❤ ❛s r❡❛❞s
❛♥❞ ✇r✐t❡s✳ ❚❤❡ ❢♦r♠❛❧❧② ✈❡r✐✜❡❞ ❈♦♠♣❈❡rt ❈ ❝♦♠♣✐❧❡r ✉s❡s ❛ s♦♣❤✐st✐❝❛t❡❞ ♠❡♠♦r② ♠♦❞❡❧ t❤❛t ✐s
s❤❛r❡❞ ❜❡t✇❡❡♥ t❤❡ s❡♠❛♥t✐❝s ♦❢ ✐ts s♦✉r❝❡ ❧❛♥❣✉❛❣❡ ✭t❤❡ ❈♦♠♣❈❡rt s✉❜s❡t ♦❢ ❈✮ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡
❧❛♥❣✉❛❣❡s✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠❡♠♦r② ♠♦❞❡❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢s
♦❢ s❡♠❛♥t✐❝ ♣r❡s❡r✈❛t✐♦♥ ❢♦r t❤❡ ❝♦♠♣✐❧❡r✳ ❚❤❡ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✐s
❞❡s❝r✐❜❡❞ ✐♥ ❛♥ ❛rt✐❝❧❡ ❜② ▲❡r♦② ❛♥❞ ❇❧❛③② ✭❏✳ ❆✉t♦♠✳ ❘❡❛s♦♥✐♥❣ ✷✵✵✽✮✳ ❚❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤
r❡♣♦rt ❞❡s❝r✐❜❡s ✈❡rs✐♦♥ ✷ ♦❢ t❤✐s ♠❡♠♦r② ♠♦❞❡❧✱ ✐♠♣r♦✈✐♥❣ ♦✈❡r t❤❡ ♠❛✐♥ ❧✐♠✐t❛t✐♦♥s ♦❢ ✈❡rs✐♦♥ ✶✳
❚❤❡ ✜rst ✐♠♣r♦✈❡♠❡♥t ✐s t♦ ❡①♣♦s❡ t❤❡ ❜②t❡✲❧❡✈❡❧✱ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐♥t❡❣❡rs ❛♥❞ ✢♦❛ts✱
✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ ❞❡s✐r❛❜❧❡ ♦♣❛q✉❡♥❡ss ♣r♦♣❡rt✐❡s ♦❢ ♣♦✐♥t❡r ✈❛❧✉❡s✳ ❚❤❡ s❡❝♦♥❞ ✐♠♣r♦✈❡♠❡♥t ✐s
t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛ ✜♥❡✲❣r❛✐♥❡❞ ♠❡❝❤❛♥✐s♠ ♦❢ ♣❡r♠✐ss✐♦♥s ✭❛❝❝❡ss r✐❣❤ts✮✱ ✇❤✐❝❤ s✉♣♣♦rts ♠♦r❡
❛❣❣r❡ss✐✈❡ ♦♣t✐♠✐③❛t✐♦♥s ♦✈❡r r❡❛❞✲♦♥❧② ❞❛t❛✱ ❛♥❞ ♣❛✈❡s t❤❡ ✇❛② t♦✇❛r❞s s❤❛r❡❞✲♠❡♠♦r②✱ ❞❛t❛✲
r❛❝❡✲❢r❡❡ ❝♦♥❝✉rr❡♥❝② ✐♥ t❤❡ st②❧❡ ♦❢ ❆♣♣❡❧✬s ❱❡r✐✜❡❞ ❙♦❢t✇❛r❡ ❚♦♦❧❝❤❛✐♥ ♣r♦❥❡❝t✳
❑❡②✲✇♦r❞s✿ ▼❡♠♦r② ♠♦❞❡❧s✱ ❢♦r♠❛❧ s❡♠❛♥t✐❝s✱ ✈❡r✐✜❡❞ ❝♦♠♣✐❧❛t✐♦♥✱ ❈♦♠♣❈❡rt
∗ ■◆❘■❆ P❛r✐s✲❘♦❝q✉❡♥❝♦✉rt✱ ♣r♦❥❡❝t✲t❡❛♠ ●❛❧❧✐✉♠
† ❙✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② ❆❣❡♥❝❡ ◆❛t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡✱ ♣r♦❥❡❝t ❆r♣è❣❡ ❯✸❈❆❚✱ ❣r❛♥t ❆◆❘ ✵✽✲❙❊●■✲✵✷✶
‡ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t②
§ ❙✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② t❤❡ ❆✐r ❋♦r❝❡ ❖✣❝❡ ♦❢ ❙❝✐❡♥t✐✜❝ ❘❡s❡❛r❝❤ ✭❣r❛♥t ❋❆✾✺✺✵✲✵✾✲✶✲✵✶✸✽✮ ❛♥❞ t❤❡ ◆❛t✐♦♥❛❧
❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ✭❣r❛♥t ❈◆❙✲✵✾✶✵✹✹✽✮✳
¶ ❯♥✐✈❡rs✐té ❞❡ ❘❡♥♥❡s ✶✱ ■❘■❙❆✱ ♣r♦❥❡❝t✲t❡❛♠ ❈❡❧t✐q✉❡
▲❡ ♠♦❞è❧❡ ♠é♠♦✐r❡ ❈♦♠♣❈❡rt ✈❡rs✐♦♥ ✷
❘és✉♠é ✿ ▲❡ ♠♦❞è❧❡ ♠é♠♦✐r❡ ❡st ✉♥ ❝♦♠♣♦s❛♥t ✐♠♣♦rt❛♥t ❞❡ ❧❛ sé♠❛♥t✐q✉❡ ❢♦r♠❡❧❧❡ ❞✬✉♥
❧❛♥❣❛❣❡ ✐♠♣ér❛t✐❢ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥✿ ✐❧ s♣é❝✐✜❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ♦♣ér❛t✐♦♥s s✉r ❧❡s ét❛ts
♠é♠♦✐r❡✱ t❡❧s q✉❡ ❧❡s ❧❡❝t✉r❡s ❡t ❧❡s é❝r✐t✉r❡s✳ ▲❡ ❝♦♠♣✐❧❛t❡✉r ❢♦r♠❡❧❧❡♠❡♥t ✈ér✐✜é ❈♦♠♣❈❡rt ❈
✉t✐❧✐s❡ ✉♥ ♠♦❞è❧❡ ♠é♠♦✐r❡ é❧❛❜♦ré✱ q✉✬✐❧ ♣❛rt❛❣❡ ❡♥tr❡ ❧❡s sé♠❛♥t✐q✉❡s ❞❡ s♦♥ ❧❛♥❣❛❣❡ s♦✉r❝❡ ✭❧❡
s♦✉s✲❡♥s❡♠❜❧❡ ❈♦♠♣❈❡rt ❞❡ ❈✮ ❡t ❞❡ s❡s ❧❛♥❣❛❣❡s ✐♥t❡r♠é❞✐❛✐r❡s✳ ▲❡s ♣r♦♣r✐étés ❛❧❣é❜r✐q✉❡s ❞❡
❝❡ ♠♦❞è❧❡ ♠é♠♦✐r❡ ❥♦✉❡♥t ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❡s ♣r❡✉✈❡s ❞❡ ♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ ❞✉
❝♦♠♣✐❧❛t❡✉r✳ ▲❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ❞✉ ♠♦❞è❧❡ ♠é♠♦✐r❡ ❈♦♠♣❈❡rt ❡st ❞é❝r✐t ❞❛♥s ✉♥ ❛rt✐❝❧❡ ❞❡
▲❡r♦② ❡t ❇❧❛③② ✭❏✳ ❆✉t♦♠✳ ❘❡❛s♦♥✐♥❣ ✷✵✵✽✮✳ ❈❡ r❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ❞é❝r✐t ❧❛ ✈❡rs✐♦♥ ✷ ❞❡ ❝❡
♠♦❞è❧❡ ♠é♠♦✐r❡✱ q✉✐ rés♦✉t ❧❡s ♣r✐♥❝✐♣❛❧❡s ❧✐♠✐t❛t✐♦♥s ❞❡ ❧❛ ✈❡rs✐♦♥ ✶✳ Pr❡♠✐èr❡ ❛♠é❧✐♦r❛t✐♦♥✿
✐❧ ❡①♣♦s❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❡♥ ♠é♠♦✐r❡✱ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬♦❝t❡t✱ ❞❡s ❡♥t✐❡rs ❡t ❞❡s ✢♦tt❛♥ts✱ t♦✉t
❡♥ ♣rés❡r✈❛♥t ❧❡s ♣r♦♣r✐étés ✉t✐❧❡s ❞✬♦♣❛❝✐té ❞❡s ♣♦✐♥t❡✉rs✳ ❙❡❝♦♥❞❡ ❛♠é❧✐♦r❛t✐♦♥✿ ✐❧ ✐♥tè❣r❡ ✉♥
♠é❝❛♥✐s♠❡ ❞❡ ♣❡r♠✐ss✐♦♥s ✭❞r♦✐ts ❞✬❛❝❝ès✮ à ❣r❛✐♥ ✜♥✱ q✉✐ ❛✉t♦r✐s❡ ❧❡ ❝♦♠♣✐❧❛t❡✉r à ❡✛❡❝t✉❡r ❞❡s
♦♣t✐♠✐s❛t✐♦♥s ♣❧✉s ❛❣r❡ss✐✈❡s s✉r ❧❡s ❞♦♥♥é❡s ❡♥ ❧❡❝t✉r❡ s❡✉❧❡✱ ❡t ❝♦♥st✐t✉❡ ✉♥ ♣r❡♠✐❡r ♣❛s ✈❡rs
❧❡ ♣❛r❛❧❧é❧✐s♠❡ à ♠é♠♦✐r❡ ♣❛rt❛❣é❡ ❜✐❡♥ s②♥❝❤r♦♥✐sé✱ ❞❛♥s ❧❡ st②❧❡ ❞✉ ♣r♦❥❡t ❱❡r✐✜❡❞ ❙♦❢t✇❛r❡
❚♦♦❧❝❤❛✐♥ ❞✬❆♣♣❡❧✳
▼♦ts✲❝❧és ✿ ▼♦❞è❧❡s ♠é♠♦✐r❡s✱ sé♠❛♥t✐q✉❡s ❢♦r♠❡❧❧❡s✱ ❝♦♠♣✐❧❛t✐♦♥ ✈ér✐✜é❡✱ ❈♦♠♣❈❡rt
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✸
✶ ■♥tr♦❞✉❝t✐♦♥
❚❤❡ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠♠✐♥❣ ♣❛r❛❞✐❣♠ ✈✐❡✇s ♣r♦❣r❛♠s ❛s s❡q✉❡♥❝❡s ♦❢ ❝♦♠♠❛♥❞s t❤❛t ✐♥❝r❡✲
♠❡♥t❛❧❧② ✉♣❞❛t❡ ❛ ♠❡♠♦r② st❛t❡✱ ❛❧s♦ ❝❛❧❧❡❞ st♦r❡✳ ❆ ♠❡♠♦r② ♠♦❞❡❧ ✐s ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♠❡♠♦r②
st❛t❡s ❛♥❞ ♦♣❡r❛t✐♦♥s ♦✈❡r ♠❡♠♦r②✱ s✉❝❤ ❛s r❡❛❞s ❛♥❞ ✇r✐t❡s✳ ❙✉❝❤ ❛ ♠❡♠♦r② ♠♦❞❡❧ ✐s ❛ ♣r❡r❡q✲
✉✐s✐t❡ t♦ ❣✐✈✐♥❣ ❢♦r♠❛❧ s❡♠❛♥t✐❝s t♦ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s✱ ✈❡r✐❢②✐♥❣ ♣r♦♣❡rt✐❡s ♦❢
♣r♦❣r❛♠s✱ ❛♥❞ ♣r♦✈✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♣r♦❣r❛♠ tr❛♥s❢♦r♠❛t✐♦♥s✳
❋♦r ❤✐❣❤✲❧❡✈❡❧✱ t②♣❡✲s❛❢❡ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ▼▲ ♦r t❤❡ s❡q✉❡♥t✐❛❧ ❢r❛❣♠❡♥t ♦❢ ❏❛✈❛✱ t❤❡ ♠❡♠♦r②
♠♦❞❡❧ ✐s s✐♠♣❧❡ ❛♥❞ ❛♠♦✉♥ts t♦ ❛ ✜♥✐t❡ ♠❛♣ ❢r♦♠ ❛❜str❛❝t ♠❡♠♦r② ❧♦❝❛t✐♦♥s t♦ t❤❡ ✈❛❧✉❡s t❤❡②
❝♦♥t❛✐♥✳ ❆t t❤❡ ♦t❤❡r ❡♥❞ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② s♣❡❝tr✉♠✱ ✇❡ ✜♥❞ ♠❡♠♦r② ♠♦❞❡❧s ❢♦r s❤❛r❡❞✲♠❡♠♦r②
❝♦♥❝✉rr❡♥t ♣r♦❣r❛♠s ✇✐t❤ ❞❛t❛ r❛❝❡s ❛♥❞ r❡❧❛①❡❞ ✭♥♦♥ s❡q✉❡♥t✐❛❧❧② ❝♦♥s✐st❡♥t✮ ♠❡♠♦r②✱ ✇❤❡r❡
♠✉❝❤ ❡✛♦rt ✐s ♥❡❡❞❡❞ t♦ ❝❛♣t✉r❡ t❤❡ r❡❧❛①❛t✐♦♥s ✭❡✳❣✳ r❡♦r❞❡r✐♥❣s ♦❢ r❡❛❞s ❛♥❞ ✇r✐t❡s✮ t❤❛t ❛r❡
❛❧❧♦✇❡❞ ❛♥❞ t❤♦s❡ t❤❛t ❛r❡ ❣✉❛r❛♥t❡❡❞ ♥❡✈❡r t♦ ❤❛♣♣❡♥ ❬✶❪✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❢♦❝✉s ♦♥ ♠❡♠♦r② ♠♦❞❡❧s ❢♦r t❤❡ ❈ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❛♥❞ ❢♦r ❝♦♠♣✐❧❡r
✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡s✱ ✐♥ t❤❡ s❡q✉❡♥t✐❛❧ ❝❛s❡ ❜✉t ✇✐t❤ ♣❧❛♥♥❡❞ ❡①t❡♥s✐♦♥s t♦ ❞❛t❛ r❛❝❡✲❢r❡❡
❝♦♥❝✉rr❡♥❝②✳ ❚❤❡ ❈ ❧❛♥❣✉❛❣❡ ❛♥❞ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡s ✇❡ ❝♦♥s✐❞❡r ❢❡❛t✉r❡ ❜♦t❤ ❧♦✇✲❧❡✈❡❧
❛s♣❡❝ts s✉❝❤ ❛s ♣♦✐♥t❡rs✱ ♣♦✐♥t❡r ❛r✐t❤♠❡t✐❝✱ ❛♥❞ ♥❡st❡❞ ♦❜❥❡❝ts✱ ❛♥❞ ❤✐❣❤✲❧❡✈❡❧ ❛s♣❡❝ts s✉❝❤
❛s s❡♣❛r❛t✐♦♥ ❛♥❞ ❢r❡s❤♥❡ss ❣✉❛r❛♥t❡❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ♣♦✐♥t❡r ❛r✐t❤♠❡t✐❝ ❝❛♥ r❡s✉❧t ✐♥ ❛❧✐❛s✐♥❣
♦r ♣❛rt✐❛❧ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ♠❡♠♦r② ❛r❡❛s r❡❢❡r❡♥❝❡❞ ❜② t✇♦ ♣♦✐♥t❡rs❀ ②❡t✱ ✐t ✐s ❣✉❛r❛♥t❡❡❞
t❤❛t t❤❡ ♠❡♠♦r② ❛r❡❛s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t✇♦ ❞✐st✐♥❝t ✈❛r✐❛❜❧❡s ♦r t✇♦ s✉❝❝❡ss✐✈❡ ❝❛❧❧s t♦ ♠❛❧❧♦❝
❛r❡ ❞✐s❥♦✐♥t✳ ❆ ✈❡r② ❛❜str❛❝t ♠❡♠♦r② ♠♦❞❡❧✱ s✉❝❤ ❛s t❤❡ ♣♦♣✉❧❛r ❇✉rst❛❧❧✲❇♦r♥❛t ♠♦❞❡❧ ❬✼✱ ✻❪✱
❝❛♥ ❢❛✐❧ t♦ ❛❝❝♦✉♥t ❢♦r ❞❡s✐r❛❜❧❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✱ s✉❝❤ ❛s ❝❛sts
❜❡t✇❡❡♥ ✐♥❝♦♠♣❛t✐❜❧❡ ♣♦✐♥t❡r t②♣❡s✳ ❆ ✈❡r② ❝♦♥❝r❡t❡ ♠❡♠♦r② ♠♦❞❡❧✱ s✉❝❤ ❛s t❤❡ ❤❛r❞✇❛r❡ ✈✐❡✇
♦❢ ♠❡♠♦r② ❛s ❛♥ ❛rr❛② ♦❢ ❜②t❡s ✐♥❞❡①❡❞ ❜② ❛❞❞r❡ss❡s t❤❛t ❛r❡ ❥✉st ♠❛❝❤✐♥❡ ✐♥t❡❣❡rs ❬✶✺❪✱ ❢❛✐❧s t♦
❡♥❢♦r❝❡ s❡♣❛r❛t✐♦♥ ❛♥❞ ❢r❡s❤♥❡ss ❣✉❛r❛♥t❡❡s✱ ❛♥❞ ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢
st❛♥❞❛r❞ ❝♦♠♣✐❧❡r ♣❛ss❡s ❛♥❞ ❡✈❡♥ ♦❢ ❧❛t❡✱ ❧✐♥❦✲t✐♠❡ ♦r ❧♦❛❞✐♥❣✲t✐♠❡ ♣❧❛❝❡♠❡♥t ♦❢ ❝♦❞❡ ❛♥❞ ❞❛t❛
✐♥ ♠❡♠♦r②✳
■♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❈♦♠♣❈❡rt ♣r♦❥❡❝t ❬✶✶❪✱ ✇❤❡r❡ ✇❡ ❢♦r♠❛❧❧② ✈❡r✐❢② t❤❡ ❝♦rr❡❝t♥❡ss ♦❢
❛ r❡❛❧✐st✐❝✱ ♦♣t✐♠✐③✐♥❣ ❈ ❝♦♠♣✐❧❡r✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t ❛
♠❡♠♦r② ♠♦❞❡❧ ❢♦r t❤❡ ❈♦♠♣❈❡rt ❈ ❞✐❛❧❡❝t ♦❢ t❤❡ ❈ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❛♥❞ ❢♦r t❤❡ ✈❛r✐♦✉s
✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡s ♦❢ t❤❡ ❈♦♠♣❈❡rt ❝♦♠♣✐❧❡r✳ ❱❡rs✐♦♥ ✶ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧
✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❛♥ ❛rt✐❝❧❡ ❜② ▲❡r♦② ❛♥❞ ❇❧❛③② ❬✶✷❪ ❛♥❞ s✉♠♠❛r✐③❡❞ ✐♥ s❡❝t✐♦♥ ✷✳ ■♥
t❤❡ ②❡❛rs ❢♦❧❧♦✇✐♥❣ t❤✐s ♣✉❜❧✐❝❛t✐♦♥✱ s❡✈❡r❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤✐s ✏✈✶✑ ♠❡♠♦r② ♠♦❞❡❧ ❛♣♣❡❛r❡❞✱
s♦♠❡ r❡❧❛t❡❞ t♦ ❧♦✇✲❧❡✈❡❧ ♣r♦❣r❛♠♠✐♥❣ ✐❞✐♦♠s ✉s❡❞ ✐♥ ❡♠❜❡❞❞❡❞ s②st❡♠s✱ ♦t❤❡rs r❡❧❛t❡❞ t♦ t❤❡
❡①t❡♥s✐♦♥ ♦❢ ❈♦♠♣❈❡rt t♦✇❛r❞s r❛❝❡✲❢r❡❡ ❝♦♥❝✉rr❡♥t ♣r♦❣r❛♠♠✐♥❣ ❛s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❱❡r✐✜❡❞
❙♦❢t✇❛r❡ ❚♦♦❧❝❤❛✐♥ ♣r♦❥❡❝t ♦❢ ❆♣♣❡❧ ❡t ❛❧ ❬✷❪✳
❚❤❡ ❧✐♠✐t❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❛♥❞ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸ ❧❡❞ ✉s t♦ r❡✜♥❡ t❤❡ ❈♦♠♣❈❡rt
♠❡♠♦r② ♠♦❞❡❧ ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✳ ❖♥❡ ✐s t♦ ❡①♣♦s❡ t❤❡ ❜②t❡✲❧❡✈❡❧ ♠❛❝❤✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐♥t❡✲
❣❡rs ❛♥❞ ✢♦❛t✐♥❣✲♣♦✐♥t ♥✉♠❜❡rs✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❛❜str❛❝t t❤❡ ♠❛❝❤✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦✐♥t❡rs✱
❛s r❡q✉✐r❡❞ t♦ ♣r❡s❡r✈❡ ❝r✉❝✐❛❧ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✈❛r✐❛♥❝❡ ❜② ❣❡♥❡r❛❧✐③❡❞ r❡♥❛♠✐♥❣ ♦❢
❜❧♦❝❦ ✐❞❡♥t✐✜❡rs✳ ❚❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✐s t♦ ❛❞❞ ✜♥❡✲❣r❛✐♥❡❞ ♣❡r♠✐ss✐♦♥s✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❛❝❝❡ss
r✐❣❤ts✱ ♦♥ ❡✈❡r② ❜②t❡ ♦❢ t❤❡ ♠❡♠♦r② st❛t❡✱ ❣✐✈✐♥❣ ♣r❡❝✐s❡ ❝♦♥tr♦❧ ♦♥ ✇❤✐❝❤ ♠❡♠♦r② ♦♣❡r❛t✐♦♥s
❛r❡ ♣❡r♠✐tt❡❞ ♦♥ t❤❡s❡ ❜②t❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❈ str✐♥❣ ❧✐t❡r❛❧
❝❛♥ ❜❡ ❣✐✈❡♥ r❡❛❞✲♦♥❧② ♣❡r♠✐ss✐♦♥s✱ ❛❧❧♦✇✐♥❣ r❡❛❞s ❜✉t ♣r❡✈❡♥t✐♥❣ ✇r✐t❡s ❛♥❞ ❞❡❛❧❧♦❝❛t✐♦♥✳
❚❤✐s ♥❡✇ ♠❡♠♦r② ♠♦❞❡❧ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ r❡❧❡❛s❡ ✶✳✼ ♦❢ ❈♦♠♣❈❡rt✱ t❤❡♥ ❢✉rt❤❡r r❡✜♥❡❞ ✐♥
r❡❧❡❛s❡ ✶✳✶✶✳ ❚❤✐s t❡❝❤♥✐❝❛❧ r❡♣♦rt ❞♦❝✉♠❡♥ts t❤❡ ❈♦♠♣❈❡rt ✶✳✶✶ ♠❡♠♦r② ♠♦❞❡❧✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧
t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷✳
❘❘ ♥➦ ✼✾✽✼
✹ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
✷ ❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧✱ ✈❡rs✐♦♥ ✶
❲❡ ✜rst r❡✈✐❡✇ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧✱ r❡❢❡rr✐♥❣ t❤❡ r❡❛❞❡r t♦ ▲❡r♦② ❛♥❞
❇❧❛③② ❬✶✷❪ ❢♦r ❢✉❧❧ ❞❡t❛✐❧s✳
■♥ t❤✐s ♠♦❞❡❧✱ ♠❡♠♦r② st❛t❡sm ❛r❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❜❧♦❝❦s✱ ❡❛❝❤ ❜❧♦❝❦ ❜❡✐♥❣ ❛♥ ❛rr❛② ♦❢ ❛❜str❛❝t
❜②t❡s✳ ✭❙❡❡ ✜❣✉r❡ ✶✳✮ P♦✐♥t❡rs ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ♣❛✐rs (b, i) ♦❢ ❛ ❜❧♦❝❦ ✐❞❡♥t✐✜❡r b ❛♥❞ ❛ ❜②t❡ ♦✛s❡t
i ✇✐t❤✐♥ t❤✐s ❜❧♦❝❦✳ ❊❛❝❤ ❜❧♦❝❦ b ❤❛s t✇♦ ✐♥t❡❣❡r ❜♦✉♥❞s✱ low❴bound m b ❛♥❞ high❴bound m b✳
❱❛❧✐❞ ♦✛s❡ts ✇✐t❤✐♥ ❜❧♦❝❦ b r❛♥❣❡ ❜❡t✇❡❡♥ low❴bound m b ✐♥❝❧✉s✐✈❡ ❛♥❞ high❴bound m b
❡①❝❧✉s✐✈❡✳ ✭❚❤❡ s✐③❡ ♦❢ ❜❧♦❝❦ b ✐s t❤❡r❡❢♦r❡ high❴bound m b− low❴bound m b ❜②t❡s✳✮
❖✉r s❡♠❛♥t✐❝s ❢♦r ❈♦♠♣❈❡rt ❈ ❛♥❞ t❤❡ ❈❧✐❣❤t ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡ ❬✹❪ ❛ss♦❝✐❛t❡ ❛ ❞✐✛❡r❡♥t
❜❧♦❝❦ t♦ ❡✈❡r② ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ ♣r♦❣r❛♠✱ t♦ ❡✈❡r② ❛❞❞r❡ss❛❜❧❡ ❧♦❝❛❧ ✈❛r✐❛❜❧❡ ♦❢ ❡✈❡r② ❛❝t✐✈❡
✐♥✈♦❝❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✱ ❛♥❞ t♦ ❡✈❡r② ✐♥✈♦❝❛t✐♦♥ ♦❢ ♠❛❧❧♦❝✳ ❋♦r ❧♦❝❛❧ ✈❛r✐❛❜❧❡s✱
❢r❡s❤ ❜❧♦❝❦s ❛r❡ ❛❧❧♦❝❛t❡❞ ❛t ❢✉♥❝t✐♦♥ ❡♥tr② ♣♦✐♥t ❛♥❞ ❞❡❛❧❧♦❝❛t❡❞ ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ r❡t✉r♥s✳
P♦✐♥t❡r ❛r✐t❤♠❡t✐❝ ♠♦❞✐✜❡s t❤❡ ♦✛s❡t ♣❛rt ♦❢ ❛ ♣♦✐♥t❡r ✈❛❧✉❡✱ ❦❡❡♣✐♥❣ ✐ts ❜❧♦❝❦ ✐❞❡♥t✐✜❡r ♣❛rt
✉♥❝❤❛♥❣❡❞✿
(b, i) + n
def
= (b, i+ n)
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❜❧♦❝❦s ❛r❡ s❡♣❛r❛t❡❞ ❜② ❝♦♥str✉❝t✐♦♥✿ ❢r♦♠ ❛ ♣♦✐♥t❡r t♦ ❜❧♦❝❦ b✱ ♥♦ ❛♠♦✉♥t ♦❢
♣♦✐♥t❡r ❛r✐t❤♠❡t✐❝ ❝❛♥ ❝r❡❛t❡ ❛ ♣♦✐♥t❡r t♦ ❜❧♦❝❦ b′ 6= b❀ ♣♦✐♥t❡r ❛r✐t❤♠❡t✐❝ ❝❛♥ ♦♥❧② ❝r❡❛t❡ ♦t❤❡r
♣♦✐♥t❡rs ✇✐t❤✐♥ ❜❧♦❝❦ b✱ ♦r ✐❧❧❡❣❛❧ ♣♦✐♥t❡rs ♦✉ts✐❞❡ b✬s ❜♦✉♥❞s✳
❆s ❛♥ ❛❜str❛❝t ❞❛t❛ t②♣❡✱ ♠❡♠♦r② st❛t❡s ❛r❡ ♣r❡s❡♥t❡❞ ❛s ❛ t②♣❡ ♠❡♠✱ ❛ ❝♦♥st❛♥t empty : mem
❞❡♥♦t✐♥❣ t❤❡ ❡♠♣t② ♠❡♠♦r② st❛t❡✱ ❛♥❞ t❤❡ ✹ ♦♣❡r❛t✐♦♥s
alloc : mem→ Z→ Z→ mem× block
free : mem→ block→ mem
load : mem→ memory❴chunk→ block→ Z→ option val
store : mem→ memory❴chunk→ block→ Z→ val→ option mem
alloc m l h ❛❧❧♦❝❛t❡s ❛ ❢r❡s❤ ❜❧♦❝❦ ♦❢ s✐③❡ h − l ❜②t❡s✱ ✇✐t❤ ❧♦✇ ❜♦✉♥❞ l ❛♥❞ ❤✐❣❤ ❜♦✉♥❞ h✳ ■t
r❡t✉r♥s t❤❡ ✉♣❞❛t❡❞ ♠❡♠♦r② st❛t❡ ❛♥❞ t❤❡ ❜❧♦❝❦ ✐❞❡♥t✐✜❡r ❢♦r t❤❡ ❢r❡s❤ ❜❧♦❝❦✳
free m b ❞❡❛❧❧♦❝❛t❡s t❤❡ ❜❧♦❝❦ b✱ r❡t✉r♥✐♥❣ t❤❡ ✉♣❞❛t❡❞ ♠❡♠♦r② st❛t❡ ✐♥ ✇❤✐❝❤ ❜❧♦❝❦ b ❤❛s
❜♦✉♥❞s (0, 0) ❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡ ♥♦ ❧♦♥❣❡r ❜❡ r❡❛❞ ❢r♦♠ ♦r ✇r✐tt❡♥ t♦✳
store m τ b i v st♦r❡s ✈❛❧✉❡ v ✇✐t❤ t②♣❡ τ ✐♥ ❜❧♦❝❦ b ❛t ♦✛s❡t i✳ ❱❛❧✉❡s ❛r❡ t❤❡ ❞✐s❝r✐♠✐♥❛t❡❞
✉♥✐♦♥ ♦❢ ✸✷✲❜✐t ♠❛❝❤✐♥❡ ✐♥t❡❣❡rs✱ ✻✹✲❜✐t ✢♦❛ts✱ ♣♦✐♥t❡r ✈❛❧✉❡s✱ ❛♥❞ ❛ s♣❡❝✐❛❧ ❱✉♥❞❡❢ ✈❛❧✉❡ ❞❡♥♦t✐♥❣
❛♥ ✉♥❦♥♦✇♥ ✈❛❧✉❡✿
v ::= Vint(i) | Vfloat(f) | Vptr(b, i) | Vundef
▼❡♠♦r② t②♣❡s τ ✐♥❞✐❝❛t❡ t❤❡ s✐③❡✱ t②♣❡ ❛♥❞ s✐❣♥❡❞♥❡ss ♦❢ t❤❡ ✈❛❧✉❡ ❜❡✐♥❣ st♦r❡❞✿
❜❧♦❝❦ ✐❞❡♥t✐✜❡rs
❜②t❡ ♦✛s❡ts
✵
✶✵
✷
✽
✲✷
✸
❋✐❣✉r❡ ✶✿ ●❡♥❡r❛❧ s❤❛♣❡ ♦❢ ♠❡♠♦r② st❛t❡s
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✺
τ ::= Mint8signed | Mint8unsigned ✽✲❜✐t ✐♥t❡❣❡rs
| Mint16signed | Mint16unsigned ✶✻✲❜✐t ✐♥t❡❣❡rs
| Mint32 ✸✷✲❜✐t ✐♥t❡❣❡rs ♦r ♣♦✐♥t❡rs
| Mfloat32 ✸✷✲❜✐t✱ s✐♥❣❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛ts
| Mfloat64 ✻✹✲❜✐t✱ ❞♦✉❜❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛ts
❊❛❝❤ t②♣❡ τ ❝♦♠❡s ✇✐t❤ ❛ s✐③❡ |τ | ✐♥ ❜②t❡s ❛♥❞ ❛ ♥❛t✉r❛❧ ❛❧✐❣♥♠❡♥t 〈τ〉✳
❆s s❤♦✇♥ ❜② t❤❡ ♦♣t✐♦♥ ♠❡♠ r❡t✉r♥ t②♣❡✱ ♠❡♠♦r② st♦r❡s ❝❛♥ ❢❛✐❧ ❜❡❝❛✉s❡ t❤❡② ♣❡r❢♦r♠
❜♦✉♥❞s ❛♥❞ ❛❧✐❣♥♠❡♥t ❝❤❡❝❦✐♥❣✳ ❚❤❡ st♦r❡ s✉❝❝❡❡❞s ❛♥❞ r❡t✉r♥s Some m′ ✭✇❤❡r❡ m′ ✐s t❤❡
✉♣❞❛t❡❞ ♠❡♠♦r② st❛t❡✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦✉♥❞s ❛♥❞ ❛❧✐❣♥♠❡♥t ❝♦♥str❛✐♥ts ❛r❡ r❡s♣❡❝t❡❞✿
〈τ〉 ❞✐✈✐❞❡s i ∧ low❴bound m b ≤ i ∧ i+ |τ | ≤ high❴bound m b
❖t❤❡r✇✐s❡✱ st♦r❡ r❡t✉r♥s ◆♦♥❡✳
load m τ b i r❡❛❞s ❛ ✈❛❧✉❡ ♦❢ t②♣❡ τ ❢r♦♠ ❜❧♦❝❦ b ❛t st❛rt✐♥❣ ♦✛s❡t i✳ ❚❤❡ ❧♦❛❞ s✉❝❝❡❡❞s ❛♥❞
r❡t✉r♥s Some v ✭✇❤❡r❡ v ✐s t❤❡ ✈❛❧✉❡ r❡❛❞✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦✉♥❞s ❛♥❞ ❛❧✐❣♥♠❡♥ts ❝♦♥str❛✐♥ts ❛r❡
r❡s♣❡❝t❡❞✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ st♦r❡✳ ❖t❤❡r✇✐s❡✱ ◆♦♥❡ ✐s r❡t✉r♥❡❞✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✏❣♦♦❞ ✈❛r✐❛❜❧❡✑ ❧❛✇s ❝❤❛r❛❝t❡r✐③❡ ♠♦st ♦❢ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡s❡ ✹ ♠❡♠♦r②
♦♣❡r❛t✐♦♥s✳
▲♦❛❞ ❛❢t❡r ❛❧❧♦❝✿ ✐❢ alloc m l h = (m′, b)✱
❼ load m′ τ ′ b′ i′ = load m τ ′ b′ i′ ✐❢ b′ 6= b
❼ ■❢ load m τ b i = Some v✱ t❤❡♥ v = undef
▲♦❛❞ ❛❢t❡r ❢r❡❡✿ ✐❢ free m b = m′✱
❼ load m′ τ ′ b′ i′ = load m τ ′ b′ i′ ✐❢ b′ 6= b
❼ load m τ b i = None✳
▲♦❛❞ ❛❢t❡r st♦r❡✿ ✐❢ store m τ b i v = Some m′✱
❼ ❉✐s❥♦✐♥t ❝❛s❡✿ load m′ τ ′ b′ i′ = load m τ ′ b′ i′ ✐❢ b′ 6= b ♦r i′ + |τ ′| ≤ i ♦r i+ |τ | ≤ i′
❼ ❈♦♠♣❛t✐❜❧❡ ❝❛s❡✿ load m′ τ ′ b i = Some(convert τ ′ v) ✐❢ |τ ′| = |τ |
❼ ■♥❝♦♠♣❛t✐❜❧❡ ❝❛s❡✿ ✐❢ load m′ τ ′ b i = Some v′ ❛♥❞ |τ ′| 6= |τ |✱ t❤❡♥ v′ = undef
❼ ❖✈❡r❧❛♣♣✐♥❣ ❝❛s❡✿ ✐❢ load m′ τ ′ b i′ = Some v′ ❛♥❞ i′ 6= i ❛♥❞ i′ + |τ ′| > i ❛♥❞
i+ |τ | > i′✱ t❤❡♥ v = undef
❙t♦r❡
❈♦♠♣❛t✐❜❧❡ ❧♦❛❞
■♥❝♦♠♣❛t✐❜❧❡ ❧♦❛❞
❉✐s❥♦✐♥t ❧♦❛❞s
❖✈❡r❧❛♣♣✐♥❣ ❧♦❛❞s
❋✐❣✉r❡ ✷✿ ❚❤❡ ✹ ❝❛s❡s ♦❢ t❤❡ ❧♦❛❞✲❛❢t❡r✲st♦r❡ ❛❧❣❡❜r❛✐❝ ❧❛✇s
❘❘ ♥➦ ✼✾✽✼
✻ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
❚❤❡ ✹ ❝❛s❡s ♦❢ t❤❡ ✏❧♦❛❞ ❛❢t❡r st♦r❡✑ ❧❛✇s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✷✳ ❚❤❡ ❞✐s❥♦✐♥t ❝❛s❡ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ❧♦❛❞ ♦✉ts✐❞❡ t❤❡ ♠❡♠♦r② ❛r❡❛ ❛✛❡❝t❡❞ ❜② t❤❡ st♦r❡✳ ■♥ t❤❡ ❝♦♠♣❛t✐❜❧❡ ❝❛s❡✱ ✇❡ ❧♦❛❞ ❡①❛❝t❧②
❢r♦♠ t❤❡ ♠❡♠♦r② ❛r❡❛ ❛✛❡❝t❡❞ ❜② t❤❡ st♦r❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡ ❥✉st st♦r❡❞✱ ❛❢t❡r
❝♦♥✈❡rs✐♦♥ t♦ t❤❡ ❞❡st✐♥❛t✐♦♥ t②♣❡ τ ′✿
convert (Vint(n)) Mint8unsigned = Vint(✽✲❜✐t ③❡r♦ ❡①t❡♥s✐♦♥ ♦❢ n)
convert (Vint(n)) Mint8signed = Vint(✽✲❜✐t s✐❣♥ ❡①t❡♥s✐♦♥ ♦❢ n)
convert (Vint(n)) Mint16unsigned = Vint(✶✻✲❜✐t ③❡r♦ ❡①t❡♥s✐♦♥ ♦❢ n)
convert (Vint(n)) Mint16signed = Vint(✶✻✲❜✐t s✐❣♥ ❡①t❡♥s✐♦♥ ♦❢ n)
convert (Vint(n)) Mint32 = Vint(n)
convert (Vptr(b, i)) Mint32 = Vptr(b, i)
convert (Vfloat(f)) float32 = Vfloat(f ♥♦r♠❛❧✐③❡❞ t♦ s✐♥❣❧❡ ♣r❡❝✐s✐♦♥)
convert (Vfloat(f)) float64 = Vfloat(f)
convert v τ = Vundef ✐♥ ❛❧❧ ♦t❤❡r ❝❛s❡s
■♥ t❤❡ t✇♦ r❡♠❛✐♥✐♥❣ ❝❛s❡s✱ ✏✐♥❝♦♠♣❛t✐❜❧❡✑ ❛♥❞ ✏♦✈❡r❧❛♣♣✐♥❣✑✱ t❤❡ ❜②t❡s ❜❡✐♥❣ r❡❛❞ ❜② t❤❡ ❧♦❛❞
✐♥❝❧✉❞❡ s♦♠❡ ❜✉t ♥♦t ❛❧❧ ♦❢ t❤❡ ❜②t❡s ✇r✐tt❡♥ ❜② t❤❡ st♦r❡✱ ♣♦ss✐❜❧② ❝♦♠❜✐♥❡❞ ✇✐t❤ ♦t❤❡r ❜②t❡s
t❤❛t ✇❡r❡ ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ st♦r❡✳ ❚♦ s♣❡❝✐❢② t❤❡ r❡s✉❧t ♦❢ t❤❡ ❧♦❛❞ ✐♥ t❤❡s❡ t✇♦ ❝❛s❡s✱ ✇❡
✇♦✉❧❞ ♥❡❡❞ t♦ ❡①♣♦s❡ t❤❡ ❜②t❡✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✈❛❧✉❡s ✐♥ ♠❡♠♦r②✿ ❛r❡ ✐♥t❡❣❡rs st♦r❡❞ ✐♥
❜✐❣✲❡♥❞✐❛♥ ♦r ❧✐tt❧❡✲❡♥❞✐❛♥ r❡♣r❡s❡♥t❛t✐♦♥❄ ✇❤❛t ✐s t❤❡ ❜②t❡✲❧❡✈❡❧ ❡♥❝♦❞✐♥❣ ♦❢ ✢♦❛ts❄ ❡t❝✳ ❚❤✐s ✐s
s♦♠❡t❤✐♥❣ ✇❡ ❡❧❡❝t❡❞ ♥♦t t♦ ❞♦ ✐♥ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❥✉st s❛② t❤❛t
t❤❡ ✈❛❧✉❡ r❡❛❞ ✐s ❱✉♥❞❡❢✱ ❛s ✐❢ ✇❡ ✇❡r❡ r❡❛❞✐♥❣ ❢r♦♠ ❛♥ ✉♥✐♥✐t✐❛❧✐③❡❞ ♠❡♠♦r② ❛r❡❛✳ ❚❤✐s ✐s ♦♥❡
♦❢ t❤❡ ❞❡s✐❣♥ ❞❡❝✐s✐♦♥s t❤❛t ✇❡ r❡✈✐s✐t❡❞ ✐♥ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✳
✸ ❆ss❡ss♠❡♥t ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✱ ✈❡rs✐♦♥ ✶
✸✳✶ ❈❛♣❛❜✐❧✐t②✿ ❆❝❝♦✉♥t✐♥❣ ❢♦r ■❙❖ ❈✾✾ ❛♥❞ ♣♦♣✉❧❛r ❈ ♣r♦❣r❛♠♠✐♥❣
✐❞✐♦♠s
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✶ ❝♦rr❡❝t❧② ♠♦❞❡❧s t❤❡ ♠❡♠♦r② ❜❡❤❛✈✐♦r ♦❢ ❈ ♣r♦❣r❛♠s
t❤❛t ❝♦♥❢♦r♠ t♦ t❤❡ ■❙❖ ❈✾✾ st❛♥❞❛r❞ ❬✶✵❪✳ ❆s s♣❡❝✐✜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✺ ♦❢ t❤❡ ❈✾✾ st❛♥❞❛r❞✱
❛ ❈ ✏♦❜❥❡❝t✑ ✭♠❡♠♦r②✲r❡s✐❞❡♥t ❞❛t❛✮ ❤❛s ❛♥ ❡✛❡❝t✐✈❡ t②♣❡✱ ✇❤✐❝❤ ✐s ❡✐t❤❡r ✐ts ❞❡❝❧❛r❡❞ st❛t✐❝
t②♣❡✱ ✐❢ ❛♥②✱ ♦r t❤❡ t②♣❡ ♦❢ t❤❡ ❧❛t❡st ❛ss✐❣♥♠❡♥t ✐♥t♦ t❤✐s ♦❜❥❡❝t✱ ✐❢ ✐t ❤❛s ♥♦ ❞❡❝❧❛r❡❞ st❛t✐❝ t②♣❡✳
❆ ❝♦♥❢♦r♠❛♥t ♣r♦❣r❛♠ ❛❧✇❛②s ❛❝❝❡ss❡s ❛♥ ♦❜❥❡❝t t❤r♦✉❣❤ ❛♥ ❧✲✈❛❧✉❡ ✇❤♦s❡ t②♣❡ ✐s ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❛t ♦❢ t❤❡ ❡✛❡❝t✐✈❡ t②♣❡ ♦❢ t❤❡ ♦❜❥❡❝t✳ ❈♦♠♣❛t✐❜✐❧✐t② ✐♥❝❧✉❞❡s ❛❞❞✐t✐♦♥ ♦r r❡♠♦✈❛❧ ♦❢
q✉❛❧✐✜❡rs✱ ❛s ✇❡❧❧ ❛s ❝❤❛♥❣❡s ✐♥ s✐❣♥❡❞♥❡ss✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✏❝♦♠♣❛t✐❜❧❡✑ ❝❛s❡ ♦❢ t❤❡
❧♦❛❞✲❛❢t❡r✲st♦r❡ ❧❛✇s✿
✐❢ storem τ b i v = Some m′ ❛♥❞ |τ ′| = |τ | t❤❡♥ loadm′ τ ′ b i = Some(convert(τ ′, v))
■♥❞❡❡❞✱ t✇♦ ❈ t②♣❡s t, t′ t❤❛t ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❈✾✾ st❛♥❞❛r❞ ❡♥❝♦❞❡ ✐♥t♦
❈♦♠♣❈❡rt ♠❡♠♦r② ❝❤✉♥❦s τ, τ ′ t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ s✐③❡ ✭❛♥❞ ❞✐✛❡r ♦♥❧② ✐♥ s✐❣♥❡❞♥❡ss✮✳ ▼♦r❡♦✈❡r✱
t❤❡ ❈ s❡♠❛♥t✐❝s ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ✈❛❧✉❡ v ❜❡✐♥❣ st♦r❡❞ ✇✐t❤ t②♣❡ t ❤❛s ❜❡❡♥ ♥♦r♠❛❧✐③❡❞ ✭❝❛st❡❞✮
t♦ t②♣❡ t ❜❡❢♦r❡ st♦r✐♥❣✳ ■♥ t❤✐s ❝❛s❡✱ ❈♦♠♣❈❡rt✬s ❝♦♥✈❡rs✐♦♥✲❛t✲❧♦❛❞✲t✐♠❡ convert(τ ′, v) ❜❡❤❛✈❡s
❧✐❦❡ t❤❡ ❈ t②♣❡ ❝❛st (t′) v✳
❇❡s✐❞❡s st❛♥❞❛r❞✲❝♦♥❢♦r♠❛♥t ❈ ♣r♦❣r❛♠s✱ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ❝❛♥ ❣✐✈❡ ♠❡❛♥✐♥❣
t♦ s❡✈❡r❛❧ ♣♦♣✉❧❛r ❈ ♣r♦❣r❛♠♠✐♥❣ ✐❞✐♦♠s t❤❛t ❤❛✈❡ ✉♥❞❡✜♥❡❞ ❜❡❤❛✈✐♦r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❈
st❛♥❞❛r❞s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❈♦♠♣❈❡rt✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦✐♥t❡r ✈❛❧✉❡s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✼
t❤❡✐r st❛t✐❝ ♣♦✐♥t❡r t②♣❡s✳ ❚❤❡r❡❢♦r❡✱ ❝❛st✐♥❣ ❢r♦♠ ❛♥② ♣♦✐♥t❡r t②♣❡ t♦ ❛♥② ♦t❤❡r ♣♦✐♥t❡r t②♣❡
❛♥❞ t❤❡♥ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣♦✐♥t❡r t②♣❡ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❜❡❤❛✈❡s ❧✐❦❡ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✿
✐♥t ① ❂ ✸❀
✯✭✭✐♥t ✯✮ ✭❞♦✉❜❧❡ ✯✮ ✫①✮ ❂ ✹❀ ✴✴ ❡q✉✐✈❛❧❡♥t t♦ ✧① ❂ ✹❀✧
❋♦r ❛♥♦t❤❡r ❡①❛♠♣❧❡✱ ❈♦♠♣❈❡rt ♠❡♠♦r② ❜❧♦❝❦s ❛r❡ ❛❝❝❡ss❡❞ ❛t ❜②t❡ ♦✛s❡ts ✇✐t❤✐♥ ❛ ❜❧♦❝❦✳ ❚❤❡
❈♦♠♣❈❡rt ❈ ❛♥❞ ❈❧✐❣❤t s❡♠❛♥t✐❝s ❝♦♠♣✉t❡ t❤❡ ❜②t❡ ♦✛s❡ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛rr❛② ❡❧❡♠❡♥ts ♦r
str✉❝t ✜❡❧❞s ❜❡❢♦r❡ ♣❡r❢♦r♠✐♥❣ ♠❡♠♦r② ❛❝❝❡ss❡s ❬✹❪✳ ❚❤✐s ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ s❡♠❛♥t✐❝s
t♦ ♥♦♥✲❝♦♥❢♦r♠❛♥t ♣r♦❣r❛♠s t❤❛t ❛❝❝❡ss ❡❧❡♠❡♥ts ♦❢ ❛rr❛②s ♦r str✉❝ts ✈✐❛ ♥♦♥st❛♥❞❛r❞ ❝❛sts ♦r
♣♦✐♥t❡r ❛r✐t❤♠❡t✐❝✳ ❋♦r ❡①❛♠♣❧❡✿
str✉❝t ④ ✐♥t ①✱ ②✱ ③❀ ⑥ s❀
s✳② ❂ ✹✷❀
✭✭✐♥t ✯✮ ✫s✮❬✶❪ ❂ ✹✷❀
✯✭✭✐♥t ✯✮ ✭✭❝❤❛r ✯✮ ✫s ✰ s✐③❡♦❢✭✐♥t✮✮✮ ❂ ✹✷❀
❆❧❧ t❤r❡❡ ❛ss✐❣♥♠❡♥ts ❛❜♦✈❡ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ ❈♦♠♣❈❡rt ❈ ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ s❡♠❛♥t✐❝s✱ ♥❛♠❡❧②
st♦r✐♥❣ t❤❡ ✐♥t❡❣❡r ✹✷ ❛t ♦✛s❡t ✹ ✐♥ t❤❡ ❜❧♦❝❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❛r✐❛❜❧❡ s✳
❚❤❡ s❛♠❡ t♦❧❡r❛♥❝❡ ❛♣♣❧✐❡s t♦ ♥♦♥✲❞✐s❝r✐♠✐♥❛t❡❞ ✉♥✐♦♥s✳ ❈♦♥s✐❞❡r✿
✉♥✐♦♥ ♣♦✐♥t✸❞ ④
str✉❝t ④ ❞♦✉❜❧❡ ①✱ ②✱ ③❀ ⑥ s❀
❞♦✉❜❧❡ ❞❬✸❪❀
⑥❀
❋♦r ❛♥② ♦❜❥❡❝t ♣ ♦❢ t②♣❡ ✉♥✐♦♥ ♣♦✐♥t✸❞✱ ✐ts t❤r❡❡ ❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡ ❛❝❝❡ss❡❞ ✐♥❞✐✛❡r❡♥t❧② ❛s
♣✳s✳①✱ ♣✳s✳②✱ ♣✳s✳③ ♦r ❛s ♣✳❞❬✵❪✱ ♣✳❞❬✶❪✱ ♣✳❞❬✷❪✳
✸✳✷ ▲✐♠✐t❛t✐♦♥✿ ◆♦ ❛❝❝❡ss t♦ ✐♥✲♠❡♠♦r② ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥s
❙②st❡♠s ♦r ❧✐❜r❛r② ❈ ❝♦❞❡s ♦❢t❡♥ ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ✐♥ st❛♥❞❛r❞✲❝♦♥❢♦r♠❛♥t ❈ ❜❡❝❛✉s❡ t❤❡② ♥❡❡❞
t♦ ♦♣❡r❛t❡ ♦✈❡r t❤❡ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞❛t❛✱ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❜②t❡s ♦r ❜✐ts✳ ❋♦r
❡①❛♠♣❧❡✱ ❝❤❛♥❣✐♥❣ t❤❡ ❡♥❞✐❛♥♥❡ss ♦❢ ❛♥ ✐♥t❡❣❡r ✭❝♦♥✈❡rt✐♥❣ ✐t ❢r♦♠ ❧✐tt❧❡✲❡♥❞✐❛♥ t♦ ❜✐❣✲❡♥❞✐❛♥
r❡♣r❡s❡♥t❛t✐♦♥✱ ♦r ❝♦♥✈❡rs❡❧②✮ ✐s ♦❢t❡♥ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿
✉♥s✐❣♥❡❞ ✐♥t ❜s✇❛♣✭✉♥s✐❣♥❡❞ ✐♥t ①✮
④
✉♥✐♦♥ ④ ✉♥s✐❣♥❡❞ ✐♥t ✐❀ ❝❤❛r ❝❬✹❪❀ ⑥ sr❝✱ ❞st❀
✐♥t ♥❀
sr❝✳✐ ❂ ①❀
❞st✳❝❬✸❪ ❂ sr❝✳❝❬✵❪❀ ❞st✳❝❬✷❪ ❂ sr❝✳❝❬✶❪❀
❞st✳❝❬✶❪ ❂ sr❝✳❝❬✷❪❀ ❞st✳❝❬✵❪ ❂ sr❝✳❝❬✸❪❀
r❡t✉r♥ ❞st✳✐❀
⑥
■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♠❡♠♦r② ♦❜❥❡❝ts ❢♦r sr❝ ❛♥❞ ❞st ❛r❡ ❛❝❝❡ss❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ t②♣❡s
✐♥t ❛♥❞ ❝❤❛r✳ ❚❤✐s ✐s ♥♦t s✉♣♣♦rt❡❞ ❜② ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧✿ ✇❡ ❢❛❧❧ ✐♥
t❤❡ ✏✐♥❝♦♠♣❛t✐❜❧❡✑ ❛♥❞ ✏♦✈❡r❧❛♣♣✐♥❣✑ ❝❛s❡s ♦❢ t❤❡ ❧♦❛❞✲❛❢t❡r✲st♦r❡ ❧❛✇s✱ t❤❡r❡❢♦r❡ sr❝✳❝❬✵❪✱ ✳ ✳ ✳ ✱
sr❝✳❝❬✸❪ r❡❛❞ ❛s ❱✉♥❞❡❢ ✈❛❧✉❡s✱ ❛♥❞ ❧✐❦❡✇✐s❡ ❞st✳✐ r❡❛❞s ❛s ❱✉♥❞❡❢ ✐♥st❡❛❞ ♦❢ t❤❡ ❜②t❡✲r❡✈❡rs❡❞
✈❛❧✉❡ ♦❢ ① ❛s ❡①♣❡❝t❡❞✳
❚❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡ ✐s ♥♦t t♦♦ s❡r✐♦✉s ❜❡❝❛✉s❡ ✐t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥t♦ st❛♥❞❛r❞✲❝♦♥❢♦r♠❛♥t
❝♦❞❡✿
❘❘ ♥➦ ✼✾✽✼
✽ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
✉♥s✐❣♥❡❞ ✐♥t ❜s✇❛♣✭✉♥s✐❣♥❡❞ ✐♥t ①✮
④
r❡t✉r♥ ✭① ✫ ✵①❋❋✮ ❁❁ ✷✹ ⑤ ✭① ✫ ✵①❋❋✵✵✮ ❁❁ ✽
⑤ ✭① ✫ ✵①❋❋✵✵✵✵✮ ❃❃ ✽ ⑤ ✭① ✫ ✵①❋❋✵✵✵✵✵✵✮ ❃❃ ✷✹❀
⑥
▼♦r❡ ❞❡❧✐❝❛t❡ ❡①❛♠♣❧❡s ❛r✐s❡ ✐♥ ✢♦❛t✐♥❣✲♣♦✐♥t ❧✐❜r❛r✐❡s t❤❛t ♥❡❡❞ t♦ ❡①♣❧♦✐t t❤❡ ■❊❊❊ ✼✺✹ ❜✐t✲
❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✢♦❛t✐♥❣✲♣♦✐♥t ♥✉♠❜❡rs t♦ ✐♠♣❧❡♠❡♥t ❜❛s✐❝ ✢♦❛t ♦♣❡r❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱
t❛❦✐♥❣ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛ s✐♥❣❧❡✲♣r❡❝✐s✐♦♥ ■❊❊❊ ✼✺✹ ✢♦❛t ❛♠♦✉♥ts t♦ ❝❧❡❛r✐♥❣ t❤❡ t♦♣ ❜✐t ♦❢
✐ts r❡♣r❡s❡♥t❛t✐♦♥✿
❢❧♦❛t ❢❛❜s❴s✐♥❣❧❡✭❢❧♦❛t ①✮
④
✉♥✐♦♥ ④ ❢❧♦❛t ❢❀ ✉♥s✐❣♥❡❞ ✐♥t ✐❀ ⑥ ✉❀
✉✳❢ ❂ ①❀
✉✳✐ ❂ ✉✳✐ ✫ ✵①✼❋❋❋❋❋❋❋❀
r❡t✉r♥ ✉✳❢❀
⑥
●✐✈✐♥❣ s❡♠❛♥t✐❝s t♦ t❤✐s ❢✉♥❝t✐♦♥ ✉s✐♥❣ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t
✐t ❛❧✇❛②s r❡t✉r♥s ❱✉♥❞❡❢ ✐♥st❡❛❞ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ✢♦❛t r❡s✉❧t✿ t❤❡ r❡❛❞ ✉✳✐ ❛❢t❡r t❤❡ ✇r✐t❡ ✉✳❢
❢❛❧❧s ✐♥ t❤❡ ✏✐♥❝♦♠♣❛t✐❜❧❡✑ ❝❛s❡ ♦❢ t❤❡ ❧♦❛❞✲❛❢t❡r✲st♦r❡ ❧❛✇s✳
❙♦♠❡t✐♠❡s✱ ✏❜✐t s✉r❣❡r②✑ ♦✈❡r ✢♦❛t✐♥❣✲♣♦✐♥t ♥✉♠❜❡rs ♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❝♦♠♣✐❧❡r
✐ts❡❧❢✱ t♦ ✐♠♣❧❡♠❡♥t ♣r✐♠✐t✐✈❡ ❈ ♦♣❡r❛t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ♠✐❝r♦♣r♦❝❡ss♦r ♣r♦✈✐❞❡s ♥♦ ❞❡❞✐❝❛t❡❞
✐♥str✉❝t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ P♦✇❡rP❈ ✸✷ ❜✐ts ❛r❝❤✐t❡❝t✉r❡ ❧❛❝❦s ❛♥ ✐♥str✉❝t✐♦♥ t♦ ❝♦♥✈❡rt ❛
✸✷✲❜✐t ✐♥t❡❣❡r t♦ ❛ ❞♦✉❜❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛t✳ ❚❤✐s ❝♦♥✈❡rs✐♦♥ ♠✉st ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ♠❛❝❤✐♥❡ ❝♦❞❡
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈ ❝♦❞❡✿
❞♦✉❜❧❡ ❞♦✉❜❧❡❴♦❢❴s✐❣♥❡❞❴✐♥t✭✐♥t ①✮
④
✉♥✐♦♥ ④ ❞♦✉❜❧❡ ❞❀ ✉♥s✐❣♥❡❞ ✐♥t ✐❬✷❪❀ ⑥ ❛✱ ❜❀
❛✳✐❬✵❪ ❂ ✵①✹✸✸✵✵✵✵✵❀ ❛✳✐❬✶❪ ❂ ✵①✽✵✵✵✵✵✵✵❀
❜✳✐❬✵❪ ❂ ✵①✹✸✸✵✵✵✵✵❀ ❜✳✐❬✶❪ ❂ ✵①✽✵✵✵✵✵✵✵ ✰ ①❀
r❡t✉r♥ ❜✳❞ ✲ ❛✳❞❀
⑥
❚❤✐s ❝♦❞❡ ❡①♣❧♦✐ts ♥♦t ♦♥❧② t❤❡ ❢❛❝t t❤❛t t❤❡ P♦✇❡rP❈ ✐s ❛ ❜✐❣✲❡♥❞✐❛♥ ❛r❝❤✐t❡❝t✉r❡✱ ❜✉t ❛❧s♦ t❤❡
❜✐t✲❧❡✈❡❧ ■❊❊❊ ✼✺✹ r❡♣r❡s❡♥t❛t✐♦♥✿ t❤❡ ❜✐t ♣❛tt❡r♥ ♦❢ ❛✱ ♥❛♠❡❧②✱ ✵①✹✸✸✵✵✵✵✵✽✵✵✵✵✵✵✵ r❡♣r❡s❡♥ts
t❤❡ ✢♦❛t 252 +231✱ ❛♥❞ t❤❡ ❜✐t ♣❛tt❡r♥ ♦❢ ❜ r❡♣r❡s❡♥ts t❤❡ ✢♦❛t 252 +231 +(double)x❀ ♠♦r❡♦✈❡r✱
t❤❡ ✢♦❛t✐♥❣✲♣♦✐♥t s✉❜tr❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ✢♦❛ts ✐s ❡①❛❝t✱ r❡s✉❧t✐♥❣ ✐♥ (double)x✳ ❆❣❛✐♥✱
✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ❢❛✐❧s t♦ ❣✐✈❡ t❤❡ ✐♥t❡♥❞❡❞ s❡♠❛♥t✐❝s t♦ t❤✐s ❝♦❞❡✱
♣r❡❞✐❝t✐♥❣ ❛♥ ❱✉♥❞❡❢ r❡s✉❧t ✐♥st❡❛❞✳
❋✐♥❛❧❧②✱ s♦♠❡ ❧✐❜r❛r② ❢✉♥❝t✐♦♥s ✇♦r❦ ♦✈❡r ❜②t❡✲❧❡✈❡❧ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ ❛ ❤✐❣❤❧②✲♣♦rt❛❜❧❡
✭❜✉t ♥♦t st❛♥❞❛r❞✲❝♦♥❢♦r♠❛♥t✮ ♠❛♥♥❡r✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❛✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ t❤❡ ♠❡♠❝♣② ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ❈ st❛♥❞❛r❞ ❧✐❜r❛r②✿
✈♦✐❞ ✯ ♠❡♠❝♣②✭✈♦✐❞ ✯ ❞❡st✱ ❝♦♥st ✈♦✐❞ ✯ sr❝✱ s✐③❡❴t ♥✮
④
❢♦r ✭✐ ❂ ✵❀ ✐ ❁ ♥❀ ✐✰✰✮
✭✭❝❤❛r ✯✮ ❞❡st✮❬✐❪ ❂ ✭✭❝♦♥st ❝❤❛r ✯✮ sr❝✮❬✐❪❀
r❡t✉r♥ ❞❡st❀
⑥
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✾
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✶✱ t❤✐s ♠❡♠❝♣② ✇♦r❦s ❛s ✐♥t❡♥❞❡❞ ✐❢ ✐t ✐s
♣❛ss❡❞ ❛rr❛②s ♦❢ ❝❤❛r ✭s✐❣♥❡❞ ♦r ✉♥s✐❣♥❡❞✮✱ ♦r ♦t❤❡r ❝♦♠♣♦✉♥❞ t②♣❡s ❝♦♥s✐st✐♥❣ ♦♥❧② ♦❢ ❝❤❛r
✜❡❧❞s✳ ❖t❤❡r✇✐s❡✱ ❢♦r ❡①❛♠♣❧❡ ✐❢ sr❝ ♣♦✐♥ts t♦ ❛♥ ❛rr❛② ♦❢ ✐♥t ♦r ❞♦✉❜❧❡✱ t❤❡ r❡❛❞ ✭✭❝♦♥st ❝❤❛r
✯✮ sr❝✮❬✐❪ r❡t✉r♥s ❱✉♥❞❡❢✱ ❛♥❞ t❤❡ ❞❡st✐♥❛t✐♦♥ ❜❧♦❝❦ ❞❡st ✐s ✜❧❧❡❞ ✇✐t❤ ❱✉♥❞❡❢ ✈❛❧✉❡s✳
✸✳✸ ❈❛♣❛❜✐❧✐t②✿ ■♥✈❛r✐❛♥❝❡ ❜② ♠❡♠♦r② tr❛♥s❢♦r♠❛t✐♦♥s
■♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✱ ❜❧♦❝❦ ✐❞❡♥t✐✜❡rs ❛r❡ ✐♥t❡❣❡rs ❛♥❞ ❛r❡ ❛ss✐❣♥❡❞
❝♦♥s❡❝✉t✐✈❡❧② ❛t ❡❛❝❤ ❛❧❧♦❝ ♦♣❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ❛♥❞ t❤❡
❈♦♠♣❈❡rt ❈ ❢♦r♠❛❧ s❡♠❛♥t✐❝s ❛r❡ ✐♥s❡♥s✐t✐✈❡ t♦ t❤✐s ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ❜❧♦❝❦ ✐❞❡♥t✐✜❡rs✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ ❈♦♠♣❈❡rt ❈ s❡♠❛♥t✐❝s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❈✾✾ st❛♥❞❛r❞✱ ❡♥❛❜❧❡s ♣r♦❣r❛♠s t♦ t❡st
✇❤❡t❤❡r t✇♦ ❜❧♦❝❦ ✐❞❡♥t✐✜❡rs ❛r❡ ❡q✉❛❧ ✭✉s✐♥❣ t❤❡ ❂❂ ♣♦✐♥t❡r ❝♦♠♣❛r✐s♦♥✮✱ ❜✉t ♥♦t ✇❤❡t❤❡r
♦♥❡ ✐❞❡♥t✐✜❡r ✇❛s ❛❧❧♦❝❛t❡❞ ❜❡❢♦r❡ ❛♥♦t❤❡r ♦♥❡ ✭t❤❡ ❁ ❝♦♠♣❛r✐s♦♥ ✐s ✉♥❞❡✜♥❡❞ ❜❡t✇❡❡♥ ♣♦✐♥t❡rs
❞❡s✐❣♥❛t✐♥❣ ❞✐✛❡r❡♥t ❜❧♦❝❦s✮✳ ❈♦♥s✐❞❡r t✇♦ ♣r♦❣r❛♠s t❤❛t ❛r❡ ✐❞❡♥t✐❝❛❧ ❡①❝❡♣t ❢♦r t❤❡ ♦r❞❡r ♦❢
❞❡✜♥✐t✐♦♥ ♦❢ s♦♠❡ ✈❛r✐❛❜❧❡s✿
✐♥t ① ❂ ✶✵❀ ✐♥t ② ❂ ✷✵❀
✐♥t ② ❂ ✷✵❀ ✐♥t ① ❂ ✶✵❀
✴✯ s♦♠❡ ❝♦❞❡ ✯✴ ✴✯ s❛♠❡ ❝♦❞❡ ✯✴
❲❤❡♥ ❡①❡❝✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❈♦♠♣❈❡rt ❈ s❡♠❛♥t✐❝s✱ t❤❡ ♣r♦❣r❛♠ ♦♥ t❤❡ ❧❡❢t ✇✐❧❧ ❜✐♥❞ ① t♦
✭s❛②✮ ❜❧♦❝❦ ✐❞❡♥t✐✜❡r ✶ ❛♥❞ ② t♦ ❜❧♦❝❦ ✷✱ ✇❤✐❧❡ t❤❡ ♣r♦❣r❛♠ ♦♥ t❤❡ r✐❣❤t ✇✐❧❧ ❜✐♥❞ ① t♦ ❜❧♦❝❦
✷ ❛♥❞ ② t♦ ❜❧♦❝❦ ✶✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ♦❜s❡r✈❛❜❧❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ t✇♦ ♣r♦❣r❛♠s ❛r❡ t❤❡ s❛♠❡✱
❜❡❝❛✉s❡ ❜♦t❤ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ❛♥❞ t❤❡ ❈♦♠♣❈❡rt ❈ s❡♠❛♥t✐❝s ❛r❡ ✐♥✈❛r✐❛♥t ❜② ❛ r❡♥❛♠✐♥❣ ♦❢
❜❧♦❝❦ ✐❞❡♥t✐✜❡rs✳
■♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt✐❡s str♦♥❣❡r t❤❛♥ r❡♥❛♠✐♥❣s ❛r❡ ♥❡❝❡ss❛r② t♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❈♦♠♣✲
❈❡rt✬s ❝♦♠♣✐❧❡r ♣❛ss❡s✳ ❍❡r❡ ❛r❡ t✇♦ ❡①❛♠♣❧❡s ♦❢ ❝♦♠♣✐❧❛t✐♦♥ ♣❛ss❡s t❤❛t ♠♦❞✐❢② t❤❡ ♠❡♠♦r②
❧❛②♦✉t ♦❢ t❤❡ ♣r♦❣r❛♠ ✐♥ ♥♦♥tr✐✈✐❛❧ ✇❛②s✿
✶✳ ■♥ ❛♥ ❡❛r❧② s✐♠♣❧✐✜❝❛t✐♦♥ ♣❛ss✱ ♣r♦❞✉❝✐♥❣ ❈♠✐♥♦r ✐♥t❡r♠❡❞✐❛t❡ ❝♦❞❡✱ ❧♦❝❛❧ s❝❛❧❛r ✈❛r✐❛❜❧❡s
✇❤♦s❡ ❛❞❞r❡ss❡s ❛r❡ ♥❡✈❡r t❛❦❡♥ ✭✉s✐♥❣ t❤❡ ✫ ♦♣❡r❛t♦r✮ ❛r❡ ✏♣✉❧❧❡❞ ♦✉t ♦❢ ♠❡♠♦r②✑ ❛♥❞
♠❛❞❡ t♦ r❡s✐❞❡ ✐♥ ❛ ✈❛r✐❛❜❧❡ ❡♥✈✐r♦♥♠❡♥t s❡♣❛r❛t❡ ❢r♦♠ t❤❡ ♠❡♠♦r② st❛t❡✳ ✭❚❤✐s ❡♥❛❜❧❡s
♠✉❝❤ ♠♦r❡ ❛❣❣r❡ss✐✈❡ ♦♣t✐♠✐③❛t✐♦♥s ♦♥ ✉s❡s ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s✳✮ ▼♦r❡♦✈❡r✱ t♦ s✐♠♣❧✐❢② t❤❡
s❡♠❛♥t✐❝s ♦❢ ❈♠✐♥♦r ❛♥❞ ❧❛t❡r ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡s✱ t❤❡ r❡♠❛✐♥✐♥❣ ❧♦❝❛❧ ✈❛r✐❛❜❧❡s ❛r❡
♣❛❝❦❡❞ t♦❣❡t❤❡r ❛s s✉❜✲❜❧♦❝❦s ♦❢ ❛ s✐♥❣❧❡ ♠❡♠♦r② ❜❧♦❝❦ r❡♣r❡s❡♥t✐♥❣ t❤❡ st❛❝❦ ❢r❛♠❡ ♦❢ t❤❡
❢✉♥❝t✐♦♥✳
✷✳ ■♥ t❤❡ ✏st❛❝❦✐♥❣✑ ♣❛ss ♣❡r❢♦r♠❡❞ ❛❢t❡r r❡❣✐st❡r ❛❧❧♦❝❛t✐♦♥✱ ❧♦❝❛❧ ✈❛r✐❛❜❧❡s t❤❛t ❝♦✉❧❞ ♥♦t
❜❡ ❛❧❧♦❝❛t❡❞ t♦ r❡❣✐st❡r ❛r❡ ✏s♣✐❧❧❡❞✑ t♦ ♠❡♠♦r② ❧♦❝❛t✐♦♥s ✇✐t❤✐♥ t❤❡ st❛❝❦ ❢r❛♠❡ ♦❢ t❤❡
❝✉rr❡♥t ❢✉♥❝t✐♦♥✳ ❚❤✐s st❛❝❦ ❢r❛♠❡✱ t❤❡r❡❢♦r❡✱ ♥❡❡❞s t♦ ❜❡ ❡①t❡♥❞❡❞ t♦ ♠❛❦❡ r♦♦♠ ❢♦r
s♣✐❧❧❡❞ ✈❛r✐❛❜❧❡s✳
❚❤❡ ❡✛❡❝t ♦❢ t❤❡s❡ t✇♦ ♣r♦❣r❛♠ tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ t❤❡ ♠❡♠♦r② st❛t❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳
❚♦ r❡❛s♦♥ ❛❜♦✉t s✉❝❤ tr❛♥s❢♦r♠❛t✐♦♥s✱ ❈♦♠♣❈❡rt ✐♥tr♦❞✉❝❡s t❤❡ ♥♦t✐♦♥ ♦❢ ♠❡♠♦r② ✐♥❥❡❝t✐♦♥s✱
✇❤✐❝❤ ❛r❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ r❡♥❛♠✐♥❣s ♦❢ ❜❧♦❝❦ ✐❞❡♥t✐✜❡rs✳ ❆ ♠❡♠♦r② ✐♥❥❡❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ F
✇✐t❤ t②♣❡
F : block→ option(block× Z)
▲❡t b ❜❡ ❛ ❜❧♦❝❦ ✐❞❡♥t✐✜❡r ✐♥ t❤❡ ♠❡♠♦r② st❛t❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❣r❛♠✳ F (b) = None ♠❡❛♥s t❤❛t
t❤✐s ❜❧♦❝❦ ✇❛s ✏♣✉❧❧❡❞ ♦✉t ♦❢ ♠❡♠♦r②✑ ❜② t❤❡ ♣r♦❣r❛♠ tr❛♥s❢♦r♠❛t✐♦♥✳ F (b) = Some(b′, δ) ♠❡❛♥s
t❤❛t t❤✐s ❜❧♦❝❦ ✐s ♠❛♣♣❡❞ t♦ ❛ s✉❜✲❜❧♦❝❦ ♦❢ ❜❧♦❝❦ b′ ✐♥ t❤❡ ♠❡♠♦r② st❛t❡ ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞
♣r♦❣r❛♠✱ s❛✐❞ s✉❜✲❜❧♦❝❦ st❛rt✐♥❣ ❛t ♦✛s❡t δ✳
❘❘ ♥➦ ✼✾✽✼
✶✵ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
▼❡♠♦r② ✐♥❥❡❝t✐♦♥s
✭❈★♠✐♥♦r t♦ ❈♠✐♥♦r✮
▼❡♠♦r② ❡①t❡♥s✐♦♥s
✭s♣✐❧❧✐♥❣✮
❋✐❣✉r❡ ✸✿ ❚r❛♥s❢♦r♠❛t✐♦♥s ♦✈❡r ♠❡♠♦r② st❛t❡s ✐♥ t❤❡ ❈♦♠♣❝❡rt ❝♦♠♣✐❧❡r
❆ ♠❡♠♦r② ✐♥❥❡❝t✐♦♥ F ✐♥❞✉❝❡s ❛ r❡❧❛t✐♦♥ F ⊢ v1 →֒ v2 ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡s v1 ♦❢ t❤❡ ♦r✐❣✐♥❛❧
♣r♦❣r❛♠ ❛♥❞ t❤❡ ✈❛❧✉❡s v2 ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❣r❛♠✳ ❚❤✐s r❡❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ r❡❧♦❝❛t✐♥❣
♣♦✐♥t❡r ✈❛❧✉❡s ❛s s♣❡❝✐✜❡❞ ❜② F ✳ ■t ❛❧s♦ ❡♥❛❜❧❡s ❱✉♥❞❡❢ ✈❛❧✉❡s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❣r❛♠ t♦ ❜❡
r❡♣❧❛❝❡❞ ❜② ♠♦r❡ ❞❡✜♥❡❞ ✈❛❧✉❡s ✐♥ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❣r❛♠✳
F ⊢ Vundef →֒ v2 F ⊢ Vint(n) →֒ Vint(n) F ⊢ Vfloat(n) →֒ Vfloat(n)
F (b1) = Some(b2, δ) i2 = i1 + δ
F ⊢ Vptr(b1, i1) →֒ Vptr(b2, i2)
▲✐❦❡✇✐s❡✱ ❛ ♠❡♠♦r② ✐♥❥❡❝t✐♦♥ F ✐♥❞✉❝❡s ❛ r❡❧❛t✐♦♥ F ⊢ m1 7→ m2 ❜❡t✇❡❡♥ t❤❡ ♠❡♠♦r② st❛t❡s
m1 ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❣r❛♠ ❛♥❞ m2 ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❣r❛♠✳ ■♥ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ❈♦♠♣❈❡rt
♠❡♠♦r② ♠♦❞❡❧✱ t❤✐s r❡❧❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ✏❡✈❡r② ❧♦❛❞ ✐♥ m1 ❢r♦♠ ❛ ♠❛♣♣❡❞ ❜❧♦❝❦ ✐s s✐♠✉❧❛t❡❞
❜② ❛ ❧♦❛❞ ✐♥ m2 ❢r♦♠ t❤❡ ✐♠❛❣❡ ♦❢ t❤✐s ❜❧♦❝❦✑✿
F (b1) = Some(b2, δ) ∧ load τ m1 b1 i = Some(v1)
⇒ ∃v2, load τ m2 b2 (i+ δ) = Some(v2) ∧ F ⊢ v1 →֒ v2
❆s ❞❡♠♦♥str❛t❡❞ ❜② ▲❡r♦② ❛♥❞ ❇❧❛③② ❬✶✷✱ s❡❝t✐♦♥ ✺❪✱ ♠❡♠♦r② ✐♥❥❡❝t✐♦♥s ❡♥❥♦② ♥✐❝❡ ♣r♦♣❡rt✐❡s
♦❢ ❝♦♠♠✉t❛t✐♦♥ ✇✐t❤ t❤❡ st♦r❡✱ ❛❧❧♦❝ ❛♥❞ ❢r❡❡ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✳ ❚❤❡s❡
♣r♦♣❡rt✐❡s✱ ✐♥ t✉r♥✱ s✉♣♣♦rt t❤❡ ♣r♦♦❢ ♦❢ s❡♠❛♥t✐❝ ♣r❡s❡r✈❛t✐♦♥ ❢♦r t❤❡ ❈♦♠♣❈❡rt ❝♦♠♣✐❧❡r ♣❛ss❡s
t❤❛t ♠♦❞✐❢② t❤❡ ♠❡♠♦r② ❜❡❤❛✈✐♦rs ♦❢ ♣r♦❣r❛♠s✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ❛ ❝r✉❝✐❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✶ ✐s t❤❛t ❜❧♦❝❦
✐❞❡♥t✐✜❡rs ❛r❡ ❦❡♣t r❡❧❛t✐✈❡❧② ❛❜str❛❝t ❛♥❞ ❝❛♥ ❜❡ r❡♥❛♠❡❞✱ ❞❡❧❡t❡❞ ♦r ✐♥❥❡❝t❡❞ ❛s s✉❜✲❜❧♦❝❦s
♦❢ ❜✐❣❣❡r ❜❧♦❝❦s ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ♦❜s❡r✈❛❜❧❡ ❜❡❤❛✈✐♦rs ♦❢ ♣r♦❣r❛♠s✳ ❲✐t❤♦✉t t❤✐s ❢❡❛t✉r❡✱
s❡✈❡r❛❧ ♣❛ss❡s ♦❢ t❤❡ ❈♦♠♣❈❡rt ❝♦♠♣✐❧❡r ❝♦✉❧❞ ♥♦t ❜❡ ♣r♦✈❡❞ t♦ ♣r❡s❡r✈❡ s❡♠❛♥t✐❝s✳
✸✳✹ ▲✐♠✐t❛t✐♦♥✿ ❈♦❛rs❡✲❣r❛✐♥❡❞ ❛❝❝❡ss ❝♦♥tr♦❧
■♥ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✱ ❛ ❧♦❛❞ ♦r st♦r❡ ♦♣❡r❛t✐♦♥ s✉❝❝❡❡❞s ❛s ❧♦♥❣ ❛s t❤❡ ❛❝❝❡ss❡❞
❧♦❝❛t✐♦♥ ✐s ❛❧✐❣♥❡❞ ❛♥❞ ✇✐t❤✐♥ t❤❡ ❜♦✉♥❞s ♦❢ ✐ts ❡♥❝❧♦s✐♥❣ ❜❧♦❝❦✱ ❛♥❞ ❛ ❢r❡❡ ♦♣❡r❛t✐♦♥ ❛❧✇❛②s
s✉❝❝❡❡❞s✱ ❡✈❡♥ ✐❢ t❤❡ ❣✐✈❡♥ ❜❧♦❝❦ ✇❛s ❛❧r❡❛❞② ❢r❡❡❞✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s t♦♦ ❝♦❛rs❡ ✐♥ s❡✈❡r❛❧
s✐t✉❛t✐♦♥s t❤❛t ✇❡ ♥♦✇ ✐❧❧✉str❛t❡✳
❋✐rst✱ ✐t s❤♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ t❤❛t ❢r❡❡ ❢❛✐❧s ✐❢ t❤❡ ❣✐✈❡♥ ❜❧♦❝❦ ❤❛s ♥♦t ❜❡❡♥ ❛❧❧♦❝❛t❡❞ ❜❡❢♦r❡✱ ♦r
✇❛s ❛❧r❡❛❞② ❢r❡❡❞ ❡❛r❧✐❡r✳ ■♥ t❤✐s ✇❛②✱ ♣r♦❣r❛♠s t❤❛t ♣❡r❢♦r♠ ❞♦✉❜❧❡✲❢r❡❡ ❡rr♦rs ❤❛✈❡ ✉♥❞❡✜♥❡❞
s❡♠❛♥t✐❝s✱ ❧✐❦❡ t❤❡② s❤♦✉❧❞✳ ❆tt❡♠♣ts t♦ ❢r❡❡ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s s❤♦✉❧❞ ❛❧s♦ ❢❛✐❧✱ ❢♦r s✐♠✐❧❛r r❡❛s♦♥s✳
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✶✶
❙❡❝♦♥❞✱ ♠❡♠♦r② ❜❧♦❝❦s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝♦♥st ✈❛r✐❛❜❧❡s ✐♥ ❈ ♦r t♦ str✐♥❣ ❧✐t❡r❛❧s s❤♦✉❧❞
❜❡ ♠❛r❦❡❞ r❡❛❞✲♦♥❧②✱ s♦ t❤❛t ❛ st♦r❡ ✐♥t♦ ♦♥❡ ♦❢ t❤❡s❡ ❜❧♦❝❦s ❛❧✇❛②s ❢❛✐❧s✳ ❇❡s✐❞❡s ♠❛❦✐♥❣
t❤❡ s❡♠❛♥t✐❝s ♦❢ ❈♦♠♣❈❡rt ❈ ❝❧♦s❡r t♦ t❤❡ ❈ st❛♥❞❛r❞s✱ r❡✢❡❝t✐♥❣ ❝♦♥st✲♥❡ss ✐♥t♦ t❤❡ ♠❡♠♦r②
♠♦❞❡❧ ✐♥ t❤✐s ✇❛② s✉♣♣♦rts ✐♥t❡r❡st✐♥❣ ♦♣t✐♠✐③❛t✐♦♥s s✉❝❤ ❛s ❝♦♥st❛♥t ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝♦♥st
❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✿
❝♦♥st ✐♥t ❝st ❂ ✹❀ ❝♦♥st ✐♥t ❝st ❂ ✹❀
→
✐♥t ❢✭①✮ ④ r❡t✉r♥ ① ✯ ❝st❀ ⑥ ✐♥t ❢✭①✮ ④ r❡t✉r♥ ① ❁❁ ✷❀ ⑥
❚❤✐r❞✱ ✜♥❡✲❣r❛✐♥❡❞ ❛❝❝❡ss ❝♦♥tr♦❧ ♦✈❡r ♠❡♠♦r② ❧♦❝❛t✐♦♥s ✐s ❛❧s♦ ✉s❡❢✉❧ t♦ ❡①t❡♥❞ ❈♦♠♣❈❡rt
t♦✇❛r❞s ❞❛t❛ r❛❝❡✲❢r❡❡ ❝♦♥❝✉rr❡♥t ♣r♦❣r❛♠s✱ ❛s ♣r♦♣♦s❡❞ ❜② ❆♣♣❡❧ ❡t ❛❧ ✐♥ t❤❡ ❱❡r✐✜❡❞ ❙♦❢t✇❛r❡
❚♦♦❧❝❤❛✐♥ ♣r♦❥❡❝t ❬✷✱ ✸✱ ✾❪✳
■♥ t❤❡✐r ❛♣♣r♦❛❝❤✱ ❞❛t❛ r❛❝❡s ❛r❡ ❛✈♦✐❞❡❞ ❜② ❛ ❧♦❝❦✐♥❣ ❞✐s❝✐♣❧✐♥❡ ❡♥❢♦r❝❡❞ ✈✐❛ ❛ ❝♦♥❝✉rr❡♥t
s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❬✶✹✱ ✾❪✳ ❊❛❝❤ ❛r❡❛ ♦❢ s❤❛r❡❞ ♠❡♠♦r② ✐s ❧♦❣✐❝❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❧♦❝❦ t❤r♦✉❣❤
❝♦♥❝✉rr❡♥t s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❢♦r♠✉❧❛s✳ ❲❤❡♥ ❛ t❤r❡❛❞ r❡❧❡❛s❡s ❛♥ ❡①❝❧✉s✐✈❡ ❧♦❝❦✱ t❤❡ ❝❛❧❧✐♥❣
t❤r❡❛❞ ❧♦s❡s ❛❧❧ ❛❝❝❡ss r✐❣❤ts ♦♥ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❡♠♦r② ❛r❡❛✳ ■❢✱ ❧❛t❡r✱ t❤✐s ❧♦❝❦ ✐s r❡❛❝q✉✐r❡❞✱ t❤❡
❝❛❧❧✐♥❣ t❤r❡❛❞ r❡❝♦✈❡rs t❤❡s❡ r✐❣❤ts✳ ❙✐♥❝❡ t❤❡✐r ❝♦♥❝✉rr❡♥t s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ s✉♣♣♦rts ❢r❛❝t✐♦♥❛❧
♣❡r♠✐ss✐♦♥s✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ ❢♦r ❛ t❤r❡❛❞ t♦ t❡♠♣♦r❛r✐❧② ❛❜❛♥❞♦♥ ✇r✐t❡ r✐❣❤ts✱ ❣✐✈✐♥❣ ♦t❤❡r
t❤r❡❛❞s t❤❡ r✐❣❤t t♦ r❡❛❞ ✭❜✉t ♥♦t ✇r✐t❡✮ t♦ t❤✐s ♠❡♠♦r② ❛r❡❛✱ ✇❤✐❧❡ r❡t❛✐♥✐♥❣ r❡❛❞ r✐❣❤ts ❢♦r
✐ts❡❧❢✳
❆t t❤❡ s♦✉r❝❡ ❧❛♥❣✉❛❣❡ ❧❡✈❡❧✱ t❤❡ ❛❝❝❡ss r✐❣❤ts ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❛r❡ ✐♠♣❧✐❡❞ ❛♥❞ ❡♥❢♦r❝❡❞ ❜②
t❤❡ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✳ ❚❤❡ ❈♦♠♣❈❡rt ❝♦♠♣✐❧❡r ♠✉st✱ t❤❡♥✱ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡s❡ ❛❝❝❡ss r✐❣❤ts ❛r❡
r❡s♣❡❝t❡❞ ❞✉r✐♥❣ ❝♦♠♣✐❧❛t✐♦♥✳ ❆ t②♣✐❝❛❧ ✈✐♦❧❛t✐♦♥ ✇♦✉❧❞ ❜❡ ❢♦r ❈♦♠♣❈❡rt t♦ ♠♦✈❡ ❛ ❧♦❛❞ ♦r st♦r❡
❜❡❢♦r❡ ❛ ❧♦❝❦ ❛❝q✉✐s✐t✐♦♥ ♦r ❛❢t❡r ❛ ❧♦❝❦ r❡❧❡❛s❡✳ ❖♥❡ ✇❛② t♦ ♣r♦✈❡ t❤❛t t❤✐s ❞♦❡s ♥♦t ❤❛♣♣❡♥
✇♦✉❧❞ ❜❡ t♦ ❛♣♣❧② t❤❡ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❞✐s❝✐♣❧✐♥❡ t♦ ❛❧❧ ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡s ❛♥❞ ❝♦♠♣✐❧❛t✐♦♥
♣❛ss❡s ♦❢ ❈♦♠♣❈❡rt✳ ❆ ♠✉❝❤ s✐♠♣❧❡r ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ✇❡ ❢♦❧❧♦✇ ✐♥ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ❈♦♠♣❈❡rt
♠❡♠♦r② ♠♦❞❡❧✱ ✐s t♦ ❡q✉✐♣ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ✜♥❡✲❣r❛✐♥❡❞✱ ♣❡r✲❜②t❡ ♣❡r♠✐ss✐♦♥s✱
❣♦✈❡r♥✐♥❣ ❢♦r ✐♥st❛♥❝❡ ✇❤❡t❤❡r ❛ ❜②t❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ t♦✳ ❈♦♥❝✉rr❡♥t ♦♣❡r❛t✐♦♥s s✉❝❤ ❛s ❧♦❝❦
❛♥❞ ✉♥❧♦❝❦ ❛r❡✱ t❤❡♥✱ ♠♦❞❡❧❡❞ ❛s ❝❤❛♥❣✐♥❣ t❤❡ ♠❡♠♦r② ♣❡r♠✐ss✐♦♥s ❛s ✇❡❧❧ ❛s ♠❡♠♦r② ❝♦♥t❡♥ts
✐♥ ❛♥ ✉♥♣r❡❞✐❝t❛❜❧❡ ♠❛♥♥❡r✱ ✉♥❞❡r ❝♦♥tr♦❧ ♦❢ ❛♥ ♦r❛❝❧❡ ❡①t❡r♥❛❧ t♦ t❤❡ s❡♠❛♥t✐❝s✳ ❚❤✐s s✉✣❝❡s
t♦ ♣r❡✈❡♥t t❤❡ ❝♦♠♣✐❧❡r ❢r♦♠ ♠♦✈✐♥❣ ♠❡♠♦r② ❛❝❝❡ss❡s ❛❝r♦ss ❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ♦♣❡r❛t✐♦♥s✳
❚❤❡ ❝❤❛♥❣❡s t♦ ♠❡♠♦r② ♣❡r♠✐ss✐♦♥s t❤❛t ♦❝❝✉r ❛t ❡①t❡r♥❛❧ ❢✉♥❝t✐♦♥ ❝❛❧❧s✖✐♥ ✇❤❛t ❛♣♣❡❛rs
t♦ ❈♦♠♣❈❡rt t♦ ❜❡ ❛♥ ✏✉♥♣r❡❞✐❝t❛❜❧❡✑ ♠❛♥♥❡r✖❝❛♥ ❜❡ r❡❛s♦♥❡❞ ❛❜♦✉t ✐♥ ❛ ❧♦❣✐❝ ❡①t❡r♥❛❧ t♦
❈♦♠♣❈❡rt ❛♥❞ ✐ts ♠❡♠♦r② ♠♦❞❡❧✳ ❚❤❛t ❧♦❣✐❝ ♠✐❣❤t ✉s❡ ❢r❛❝t✐♦♥❛❧ ♦r t♦❦❡♥✲❜❛s❡❞ ♣❡r♠✐ss✐♦♥
♠♦❞❡❧s ❬✽❪ t♦ ♣r♦✈❡ r❛❝❡ ❢r❡❡❞♦♠ ✐♥ ❛ ✈❡r② ♣r❡❞✐❝t❛❜❧❡ ✇❛②✳ ❚❤❡s❡ ❝♦♠♣❧❡① ♣❡r♠✐ss✐♦♥✲♠♦❞❡❧s
❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ ❝♦♠♣❧❡t❡❧② r❡✐✜❡❞ ✐♥t♦ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧❀ ✐♥st❡❛❞✱ ❛ s✉♠♠❛r② ♦❢
t❤❡✐r ❡✛❡❝ts ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❛❜str❛❝t ♣❡r♠✐ss✐♦♥s t❤❛t ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ s❡❝t✐♦♥ ✹✳✷✳
✹ ❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧✱ ✈❡rs✐♦♥ ✷
❲❡ ♥♦✇ ❞❡s❝r✐❜❡ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧✱ ✇❤✐❝❤ ❡♥❤❛♥❝❡s ✈❡rs✐♦♥ ✶ t♦ ❛❞❞r❡ss
t❤❡ ❧✐♠✐t❛t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✹✱ t♦ t❤❡ ❡①t❡♥t t❤❛t t❤❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s ❞❡s❝r✐❜❡❞
✐♥ s❡❝t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✸ st✐❧❧ ❤♦❧❞✳ ❚❤❡ ♠❛✐♥ ❝❤❛♥❣❡s✱ ❞❡s❝r✐❜❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡❝t✐♦♥s✱ ❛r❡✿
❼ ❊①♣♦s✐♥❣ t❤❡ ❜②t❡✲❧❡✈❡❧✱ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐♥t❡❣❡rs ❛♥❞ ✢♦❛ts✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣
t❤❛t ♦❢ ♣♦✐♥t❡rs ❛❜str❛❝t ✭s❡❝t✐♦♥ ✹✳✸✮✳
❼ ■♥tr♦❞✉❝✐♥❣ ✜♥❡✲❣r❛✐♥❡❞✱ ❜②t❡✲❧❡✈❡❧ ♣❡r♠✐ss✐♦♥s ✐♥ r❡♣❧❛❝❡♠❡♥t ❢♦r ♠❡♠♦r② ❜♦✉♥❞s ✭s❡❝✲
t✐♦♥ ✹✳✷✮✳
❘❘ ♥➦ ✼✾✽✼
✶✷ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
❼ ❆❞❞✐♥❣ ♥❡✇ ♦♣❡r❛t✐♦♥s ♦✈❡r ♠❡♠♦r② st❛t❡s✿ ❧♦❛❞❜②t❡s✱ st♦r❡❜②t❡s✱ ❛♥❞ ❞r♦♣❴♣❡r♠ ✭s❡❝✲
t✐♦♥ ✹✳✶✮✳
✹✳✶ ❖♣❡r❛t✐♦♥s
■♥ t❤❡ ♥❡✇ ♠❡♠♦r② ♠♦❞❡❧✱ ♠❡♠♦r② st❛t❡s ❛r❡ ♣r❡s❡♥t❡❞ ❛s ❛ t②♣❡ ♠❡♠✱ ❛ ❝♦♥st❛♥t empty : mem
❞❡♥♦t✐♥❣ t❤❡ ❡♠♣t② ♠❡♠♦r② st❛t❡✱ ❛♥❞ t❤❡ ✼ ♦♣❡r❛t✐♦♥s
alloc : mem→ Z→ Z→ mem× block
free : mem→ block→ Z→ Z→ option mem
load : mem→ memory❴chunk→ block→ Z→ option val
store : mem→ memory❴chunk→ block→ Z→ val→ option mem
loadbytes : mem→ block→ Z→ Z→ option(list memval)
storebytes : mem→ block→ Z→ list memval→ option mem
drop❴perm : mem→ block→ Z→ Z→ permission→ option mem
❛❧❧♦❝✱ ❧♦❛❞ ❛♥❞ st♦r❡ ❛r❡ ❛s ✐♥ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❢r❡❡ ♦♣❡r❛t✐♦♥✱ free m b l h✱ ♥♦
❧♦♥❣❡r ❢r❡❡s t❤❡ ✇❤♦❧❡ ❜❧♦❝❦ b✱ ❜✉t r❛t❤❡r t❤❡ r❛♥❣❡ ♦❢ ♦✛s❡ts [l, h) ✇✐t❤✐♥ ❜❧♦❝❦ b✳ ❚❤✐s ❝❤❛♥❣❡
s✐♠♣❧✐✜❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ♦♥ t♦♣ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✳ ■t ❛❧s♦ ♠❛❦❡s ✐t
♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ ❛ ❜❧♦❝❦ ❛❢t❡r ❛❧❧♦❝❛t✐♦♥✱ ❛♥❞ t♦ ✏♣✉♥❝❤ ❤♦❧❡s✑ ✇✐t❤✐♥ ❛ ❜❧♦❝❦✱ t✇♦
♣♦ss✐❜✐❧✐t✐❡s t❤❛t ❈♦♠♣❈❡rt ❞♦❡s ♥♦t ❡①❡r❝✐s❡ ❝✉rr❡♥t❧②✳ ❆♥♦t❤❡r ❝❤❛♥❣❡ ✐s t❤❛t ❢r❡❡ ❝❛♥ ♥♦✇
❢❛✐❧✱ t②♣✐❝❛❧❧② ✐❢ t❤❡ ❧♦❝❛t✐♦♥s t♦ ❜❡ ❢r❡❡❞ ❤❛✈❡ ❜❡❡♥ ❢r❡❡❞ ❛❧r❡❛❞②✳
❚❤r❡❡ ♥❡✇ ♦♣❡r❛t✐♦♥s ✇❡r❡ ❛❞❞❡❞✳ ❧♦❛❞❜②t❡s ❛♥❞ st♦r❡❜②t❡s ❛r❡ s✐♠✐❧❛r t♦ ❧♦❛❞ ❛♥❞ st♦r❡✱
❜✉t ✐♥st❡❛❞ ♦❢ r❡❛❞✐♥❣ ♦r ✇r✐t✐♥❣ ❛ ✈❛❧✉❡✱ t❤❡② r❡❛❞ ♦r ✇r✐t❡ ❛ ❧✐st ♦❢ ❜②t❡ ❝♦♥t❡♥ts ✭t②♣❡ ♠❡♠✈❛❧✱
❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸ ❜❡❧♦✇✮✳ ❧♦❛❞❜②t❡s ❛♥❞ st♦r❡❜②t❡s ❛r❡ ✉s❡❢✉❧ t♦ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ ❜❧♦❝❦
❝♦♣② ♦♣❡r❛t✐♦♥s s✉❝❤ ❛s ♠❡♠❝♣②✱ ❛♥❞ ❛❧s♦ t♦ r❡❛s♦♥ ♦✈❡r ❜②t❡✲❧❡✈❡❧✱ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
❞❛t❛✳
❋✐♥❛❧❧②✱ drop❴perm m b l h p ❧♦✇❡rs t❤❡ ♣❡r♠✐ss✐♦♥s ✭❛❝❝❡ss r✐❣❤ts✮ ♦✈❡r ❧♦❝❛t✐♦♥s
(b, l), . . . , (b, h − 1)✱ s❡tt✐♥❣ t❤❡♠ t♦ p✳ P❡r♠✐ss✐♦♥s ❛r❡ ❢✉rt❤❡r ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷
❜❡❧♦✇✳ ❆ t②♣✐❝❛❧ ✉s❡ ♦❢ ❞r♦♣❴♣❡r♠ ✐s t♦ s❡t t♦ r❡❛❞✲♦♥❧② ❛ ♠❡♠♦r② ❜❧♦❝❦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛
❝♦♥st ❈ ✈❛r✐❛❜❧❡✱ ❛❢t❡r ✐t ❤❛s ❜❡❡♥ ✐♥✐t✐❛❧✐③❡❞✳
✹✳✷ P❡r♠✐ss✐♦♥s
▼❡♠♦r② st❛t❡s ❛ss♦❝✐❛t❡ ♣❡r♠✐ss✐♦♥s✱ ♦r ❛❝❝❡ss r✐❣❤ts✱ t♦ ❡✈❡r② ❜②t❡ ❧♦❝❛t✐♦♥✳ ❚❤❡ ✈❛r✐♦✉s ♣❡r✲
♠✐ss✐♦♥s ❛r❡✿
❋r❡❡❛❜❧❡ ❢✉❧❧ ♣❡r♠✐ss✐♦♥s✿ ❝❛♥ ❝♦♠♣❛r❡✱ r❡❛❞✱ ✇r✐t❡✱ ❛♥❞ ❢r❡❡
❲r✐t❛❜❧❡ ❝❛♥ ❝♦♠♣❛r❡✱ r❡❛❞ ❛♥❞ ✇r✐t❡ ❜✉t ♥♦t ❢r❡❡
❘❡❛❞❛❜❧❡ ❝❛♥ ❝♦♠♣❛r❡ ❛♥❞ r❡❛❞ ❜✉t ♥♦t ✇r✐t❡ ♥♦r ❢r❡❡
◆♦♥❡♠♣t② ❝❛♥ ♦♥❧② ❝♦♠♣❛r❡
■♥ t❤❡ t❛❜❧❡ ❛❜♦✈❡✱ ✏❝♦♠♣❛r❡✑ r❡❢❡rs t♦ t❤❡ ❛❜✐❧✐t② ♦❢ ❝♦♠♣❛r✐♥❣ ❛ ♣♦✐♥t❡r t♦ t❤❡ ❣✐✈❡♥ ❧♦❝❛t✐♦♥
✇✐t❤ ♦t❤❡r ♣♦✐♥t❡rs✳✶
P❡r♠✐ss✐♦♥s ❛r❡ ❝✉♠✉❧❛t✐✈❡✿ ❤❛✈✐♥❣ ♣❡r♠✐ss✐♦♥ p ✐♠♣❧✐❡s ❤❛✈✐♥❣ ❛❧❧ ♣❡r♠✐ss✐♦♥s p′ < p✱ ✇❤❡r❡
t❤❡ ♦r❞❡r✐♥❣ ♦♥ ♣❡r♠✐ss✐♦♥s ✐s
Nonempty < Readable < Writable < Freeable
✶■♥ ❈♦♠♣❈❡rt ❈ ❛s ✐♥ t❤❡ ❈ st❛♥❞❛r❞s✱ ♣♦✐♥t❡r ❝♦♠♣❛r✐s♦♥ ✐♥✈♦❧✈✐♥❣ ✐♥✈❛❧✐❞ ♣♦✐♥t❡rs ✭❡✳❣✳ ♣♦✐♥t❡rs t♦ ❢r❡❡❞
❧♦❝❛t✐♦♥s✮ ❤❛✈❡ ✉♥❞❡✜♥❡❞ s❡♠❛♥t✐❝s✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❣✐✈✐♥❣ s❡♠❛♥t✐❝s t♦ ♣♦✐♥t❡r ❝♦♠♣❛r✐s♦♥s✱ ✇❡ t❛❦❡ t❤❛t ❛
♣♦✐♥t❡r Vptr(b, i) ✐s ✈❛❧✐❞ ✐❢ t❤❡ ❧♦❝❛t✐♦♥ (b, i) ❤❛s ❛t ❧❡❛st ◆♦♥❡♠♣t② ♣❡r♠✐ss✐♦♥✳
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✶✸
t✐♠❡
♣❡r♠✐ss✐♦♥s
♥♦♥❡
◆♦♥❡♠♣t②
❘❡❛❞❛❜❧❡
❲r✐t❛❜❧❡
❋r❡❡❛❜❧❡
❈✉r ♣❡r♠✐ss✐♦♥
▼❛① ♣❡r♠✐ss✐♦♥
❛❧❧♦❝ ❞r♦♣ ✉♥❧♦❝❦ r❡❛❞ ❧♦❝❦ ✉♥❧♦❝❦ ✇r✐t❡ ❧♦❝❦
❋✐❣✉r❡ ✹✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❡✈♦❧✉t✐♦♥s ♦❢ ▼❛① ❛♥❞ ❈✉r ♣❡r♠✐ss✐♦♥s ❢♦r ❛ ❧♦❝❛t✐♦♥
■t ✐s ♣♦ss✐❜❧❡ ❢♦r ❛ ❧♦❝❛t✐♦♥ t♦ ❤❛✈❡ ♥♦ ♣❡r♠✐ss✐♦♥ ❛t ❛❧❧✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❛② t❤❛t t❤❡ ❧♦❝❛t✐♦♥
✐s ❡♠♣t②✳ ❚❤✐s ✐s t②♣✐❝❛❧❧② t❤❡ ❝❛s❡ ❢♦r ❧♦❝❛t✐♦♥s t❤❛t ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❧❧♦❝❛t❡❞ ②❡t✱ ♦r ❤❛✈❡ ❜❡❡♥
❢r❡❡❞ ❛❧r❡❛❞②✳
❊✈❡r② ❜②t❡ ❧♦❝❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ ♥♦t t♦ ♦♥❡✱ ❜✉t t♦ t✇♦ ♣❡r♠✐ss✐♦♥s✿ t❤❡ ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥
❛♥❞ t❤❡ ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥✳ ❆t ❛♥② t✐♠❡ ✐♥ t❤❡ ❡①❡❝✉t✐♦♥✱ t❤❡ ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥ ✐s ❧❡ss t❤❛♥ ♦r
❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥✳ ❚❤❡ ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥ ❡✈♦❧✈❡s ♣r❡❞✐❝t❛❜❧② t❤r♦✉❣❤♦✉t t❤❡
❧✐❢❡t✐♠❡ ♦❢ t❤❡ ❧♦❝❛t✐♦♥✿ ✇❤❡♥ t❤❡ ❧♦❝❛t✐♦♥ ✐s ❛❧❧♦❝❛t❡❞✱ ✐t ❤❛s ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥ ❋r❡❡❛❜❧❡❀ t❤✐s
♣❡r♠✐ss✐♦♥ ❝❛♥ ❧❛t❡r ❜❡ ❧♦✇❡r❡❞ ❜② ❛ ❞r♦♣❴♣❡r♠ ♦♣❡r❛t✐♦♥❀ ✜♥❛❧❧②✱ ❢r❡❡✐♥❣ t❤❡ ❧♦❝❛t✐♦♥ r❡♠♦✈❡s ❛❧❧
✐ts ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥s✱ ♠❛❦✐♥❣ t❤❡ ❧♦❝❛t✐♦♥ ❡♠♣t②✳ ◆♦t❡ t❤❛t t❤❡ ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥ ❝❛♥ ♦♥❧②
❞❡❝r❡❛s❡ ♦♥❝❡ t❤❡ ❧♦❝❛t✐♦♥ ❤❛s ❜❡❡♥ ❛❧❧♦❝❛t❡❞✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥ ❝❛♥ ❞❡❝r❡❛s❡
♦r ✐♥❝r❡❛s❡ ✭✇✐t❤♦✉t ❡✈❡r ❡①❝❡❡❞✐♥❣ t❤❡ ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥✮ ❞✉r✐♥❣ t❤❡ ❧✐❢❡t✐♠❡ ♦❢ t❤❡ ❧♦❝❛t✐♦♥✳
❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❡①t❡♥s✐♦♥ t♦ s❤❛r❡❞ ♠❡♠♦r② ❝♦♥❝✉rr❡♥❝② ♦✉t❧✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✹✱ ❛♥ ✉♥❧♦❝❦
♦♣❡r❛t✐♦♥ t❡♠♣♦r❛r✐❧② ❞r♦♣s ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❜② ❛ s✉❜s❡q✉❡♥t ❧♦❝❦
♦♣❡r❛t✐♦♥✳ ❋✐❣✉r❡ ✹ ✐❧❧✉str❛t❡s t❤✐s ❡✈♦❧✉t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥s t❤r♦✉❣❤♦✉t t❤❡ ❧✐❢❡t✐♠❡ ♦❢ ❛ ❧♦❝❛t✐♦♥✳
■♥ t❤❡ ❈♦q ❢♦r♠❛❧✐③❛t✐♦♥✱ t❤❡ ❛ss♦❝✐❛t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥s t♦ ❧♦❝❛t✐♦♥s ✐s ❡①♣♦s❡❞ ❛s ❛ ♣r❡❞✐❝❛t❡✿
perm : mem→ block→ Z→ perm❴kind→ permission→ Prop
✇❤❡r❡ ♣❡r♠❴❦✐♥❞ ✐s t❤❡ ❡♥✉♠❡r❛t❡❞ ✐♥❞✉❝t✐✈❡ t②♣❡ ▼❛① ⑤ P❡r♠✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ perm m b i k p
❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐♥ ♠❡♠♦r② st❛t❡ m✱ ❧♦❝❛t✐♦♥ (b, i) ❤❛s k✲♣❡r♠✐ss✐♦♥ ❛t ❧❡❛st p✳ ❚❤❡ ❝✉♠✉❧❛t✐✈✲
✐t② ♦❢ ♣❡r♠✐ss✐♦♥s✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥s ❛r❡ ♥❡✈❡r ❛❜♦✈❡ ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥s✱
❛r❡ ❡①♣r❡ss❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s✿
perm m b i k p ∧ p′ ≤ p ⇒ perm m b i k p′
perm m b i Cur p ⇒ perm m b i Max p
■♥st❡❛❞ ♦❢ ❝❤❡❝❦✐♥❣ ❜❧♦❝❦ ♦✛s❡ts ❛❣❛✐♥st ❜❧♦❝❦ ❜♦✉♥❞s✱ ❛s ✐♥ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✱
t❤❡ ❧♦❛❞ ❛♥❞ st♦r❡ ♦♣❡r❛t✐♦♥s ❝❤❡❝❦ t❤❛t t❤❡ ❛❝❝❡ss❡❞ ❧♦❝❛t✐♦♥s ❤❛✈❡ ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥s ❛t
❧❡❛st ❘❡❛❞❛❜❧❡✱ r❡s♣✳ ❲r✐t❛❜❧❡✳ ▲✐❦❡✇✐s❡✱ t❤❡ ❢r❡❡ ❛♥❞ ❞r♦♣❴♣❡r♠ ♦♣❡r❛t✐♦♥s ❝❤❡❝❦ t❤❛t t❤❡
❛✛❡❝t❡❞ ❧♦❝❛t✐♦♥s ❤❛✈❡ ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥s ❛t ❧❡❛st ❋r❡❡❛❜❧❡✳ ❉❡✜♥✐♥❣
❉❡❢✐♥✐t✐♦♥ r❛♥❣❡❴♣❡r♠ ✭♠✿ ♠❡♠✮ ✭❜✿ ❜❧♦❝❦✮ ✭❧♦ ❤✐✿ ❩✮
✭❦✿ ♣❡r♠❴❦✐♥❞✮ ✭♣✿ ♣❡r♠✐ss✐♦♥✮ ✿ Pr♦♣ ✿❂
❢♦r❛❧❧ ♦❢s✱ ❧♦ ❁❂ ♦❢s ❁ ❤✐ ✲❃ ♣❡r♠ ♠ ❜ ♦❢s ❦ ♣✳
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
❘❘ ♥➦ ✼✾✽✼
✶✹ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
❖♣❡r❛t✐♦♥✳ ✳ ✳ s✉❝❝❡❡❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢✳ ✳ ✳
load m τ b i range❴perm m b i (i+ |τ |) Cur Readable
store m τ b i v range❴perm m b i (i+ |τ |) Cur Writable
free m b l h range❴perm m b l h Cur Freeable
drop❴perm m b l h p range❴perm m b l h Cur Freeable
❖✇✐♥❣ t♦ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ♣❡r✲❜②t❡ ♣❡r♠✐ss✐♦♥s✱ ✐t ✐s ♥♦ ❧♦♥❣❡r ✉s❡❢✉❧ t♦ ❛ss♦❝✐❛t❡ ❧♦✇ ❛♥❞
❤✐❣❤ ❜♦✉♥❞s t♦ ♠❡♠♦r② ❜❧♦❝❦s✳ ❱❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ t❤❡r❡❢♦r❡ r❡♠♦✈❡s t❤❡ ❧♦✇❴❜♦✉♥❞
❛♥❞ ❤✐❣❤❴❜♦✉♥❞ ❢✉♥❝t✐♦♥s ♦❢ ✈❡rs✐♦♥ ✶✳ ❚❤❡ ♠❛✐♥ ✉s❡ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s ✐♥ ❈♦♠♣❈❡rt✬s ♣r♦♦❢s
✇❛s t♦ st❛t❡ t❤❛t ❛ ❧♦❝❛t✐♦♥ (b, i) ✐s ✈❛❧✐❞✱ ✐✳❡✳ ❛❧r❡❛❞② ❛❧❧♦❝❛t❡❞ ❜✉t ♥♦t ②❡t ❢r❡❡❞✱ ✉s✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
(b, i) ✐s ✈❛❧✐❞ ✐♥ m
def
= low❴bound m b ≤ i < high❴bound m b
❯s✐♥❣ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠♦❞❡❧✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t❡ ❞❡✜♥✐t✐♦♥ ✇♦r❦s ❥✉st ❛s ✇❡❧❧✿
(b, i) ✐s ✈❛❧✐❞ ✐♥ m
def
= perm m b i Max Nonempty
P❡r♠✐ss✐♦♥s ❛r❡ ♣r❡s❡r✈❡❞ ❜② ♦♣❡r❛t✐♦♥s ♦✈❡r ♠❡♠♦r② st❛t❡s✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❝❡♣t✐♦♥s✳
❖♣❡r❛t✐♦♥ ❊✛❡❝t ♦♥ ♣❡r♠✐ss✐♦♥s
alloc m l h = (m′, b) ❧♦❝❛t✐♦♥s (b, l) . . . (b, h− 1) ❣❡t ❋r❡❡❛❜❧❡ ♣❡r♠✐ss✐♦♥s ✭▼❛① ❛♥❞ ❈✉r✮
free m b l h ❧♦❝❛t✐♦♥s (b, l) . . . (b, h− 1) ❧♦s❡ ❛❧❧ ♣❡r♠✐ss✐♦♥s
drop❴perm m b l h p ❧♦❝❛t✐♦♥s (b, l) . . . (b, h− 1) ❣❡t ▼❛① ❛♥❞ ❈✉r ♣❡r♠✐ss✐♦♥s p
❚♦ str❡♥❣t❤❡♥ ✐♥t✉✐t✐♦♥s ❛❜♦✉t ♣❡r♠✐ss✐♦♥s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❝♦♥s✐❞❡r t❤❡✐r ♠❡❛♥✐♥❣ ✐♥ ❛♥ ❤②♣♦t❤❡t✲
✐❝❛❧ s❤❛r❡❞✲♠❡♠♦r② ❝♦♥❝✉rr❡♥t ❡①t❡♥s✐♦♥ ♦❢ ❈♦♠♣❈❡rt✳ ■♥ s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥✱ ❞✐✛❡r❡♥t t❤r❡❛❞s
❤❛✈❡ ❞✐✛❡r❡♥t ♣❡r♠✐ss✐♦♥s ♦✈❡r ❛ ❣✐✈❡♥ ♠❡♠♦r② ❧♦❝❛t✐♦♥✳ ❯s✐♥❣ ❛ ❝♦♥❝✉rr❡♥t s❡♣❛r❛t✐♦♥ ❧♦❣✐❝
✇✐t❤ ❢r❛❝t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s ❬✽❪✱ ❛♥❞ ♣r♦❥❡❝t✐♥❣ t❤❡s❡ r✐❝❤ ❧♦❣✐❝❛❧ ♣❡r♠✐ss✐♦♥s ♦♥ ❈♦♠♣❈❡rt✬s s✐♠✲
♣❧❡ ♣❡r♠✐ss✐♦♥s✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❛t t❤❡ ♣❡r♠✐ss✐♦♥s ♦❢ t✇♦ t❤r❡❛❞s A ❛♥❞ B ♦✈❡r ❛ ❣✐✈❡♥ ♠❡♠♦r②
❧♦❝❛t✐♦♥ ❛❧✇❛②s ❢❛❧❧ ✇✐t❤✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿
A✬s ♣❡r♠✐ss✐♦♥ B✬s ♣❡r♠✐ss✐♦♥ ❲❤❛t A ❝❛♥ ❞♦ ❲❤❛t B ❝❛♥ ❞♦
❋r❡❡❛❜❧❡ ♥♦♥❡ ❝♦♠♣❛r❡✱ ❧♦❛❞✱ st♦r❡✱ ❢r❡❡ ♥♦t❤✐♥❣
❲r✐t❛❜❧❡ ≤ Nonempty ❝♦♠♣❛r❡✱ ❧♦❛❞✱ st♦r❡ ❝♦♠♣❛r❡
❘❡❛❞❛❜❧❡ ≤ Readable ❝♦♠♣❛r❡✱ ❧♦❛❞ ❝♦♠♣❛r❡✱ ❧♦❛❞
◆♦♥❡♠♣t② ≤ Writable ❝♦♠♣❛r❡ ❝♦♠♣❛r❡✱ ❧♦❛❞✱ st♦r❡
♥♦♥❡ ❛♥② ♥♦t❤✐♥❣ ❝♦♠♣❛r❡✱ ❧♦❛❞✱ st♦r❡✱ ❢r❡❡
❈♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♣❡r♠✐ss✐♦♥ ❝❤❡❝❦s ♣❡r❢♦r♠❡❞ ❜② t❤❡ ✈❛r✐♦✉s ♦♣❡r❛t✐♦♥s✱ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥
♦❢ ♣❡r♠✐ss✐♦♥s ❝❛✉s❡s ♣r♦❣r❛♠s ❝♦♥t❛✐♥✐♥❣ ❞❛t❛ r❛❝❡s t♦ ❤❛✈❡ ✉♥❞❡✜♥❡❞ s❡♠❛♥t✐❝s ✭✏❣❡tt✐♥❣
st✉❝❦✑✮✳ ■❢ t✇♦ t❤r❡❛❞s ❛r❡ ✐♥ ❞❛♥❣❡r ♦❢ ❛♣♣r♦❛❝❤✐♥❣ ❛ ❞❛t❛ r❛❝❡✱ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ t❤r❡❛❞s ✇✐❧❧
❜❡ ✏st✉❝❦✑ ✐♥ ✐ts ♦✇♥ s❡q✉❡♥t✐❛❧ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ❜❡❝❛✉s❡ ✐t ✇✐❧❧ ❤❛✈❡ ✐♥s✉✣❝✐❡♥t ♣❡r♠✐ss✐♦♥✳
❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤r❡❛❞ A st♦r❡s ❛t ❛ ❧♦❝❛t✐♦♥ ✇❤✐❧❡ t❤r❡❛❞ B ❧♦❛❞s ❢r♦♠ t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥✱ ♦♥❡ ♦r
❜♦t❤ ♦❢ t❤❡ ❧♦❛❞ ❛♥❞ st♦r❡ ♦♣❡r❛t✐♦♥s ✇✐❧❧ ❢❛✐❧ ❜② ❧❛❝❦ ♦❢ s✉✣❝✐❡♥t ♣❡r♠✐ss✐♦♥s✳ ❆ s✐♠✐❧❛r ❢❛✐❧✉r❡
♦❝❝✉rs ✐❢ A ❝♦♠♣❛r❡s ❛ ♣♦✐♥t❡r ✇❤✐❧❡ B ✐s ❢r❡❡✐♥❣ t❤❡ ❧♦❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❝♦♥❝✉rr❡♥t ❧♦❛❞s ❛r❡
♣♦ss✐❜❧❡ ✐❢ t❤❡ ❧♦❝❛t✐♦♥ ❤❛s ♣❡r♠✐ss✐♦♥ ❘❡❛❞❛❜❧❡ ✐♥ ❜♦t❤ t❤r❡❛❞s✳
✹✳✸ ■♥✲♠❡♠♦r② ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥s
▼❡♠♦r② st❛t❡s ✐♥❝❧✉❞❡ ❛ ❝♦♥t❡♥ts ♠❛♣ t❤❛t ❛ss♦❝✐❛t❡s ❛ ✈❛❧✉❡ ♦❢ t②♣❡ ♠❡♠✈❛❧ t♦ ❡❛❝❤ ❜②t❡✱ t❤❛t
✐s✱ ❡❛❝❤ ♣❛✐r ✭❜❧♦❝❦ ✐❞❡♥t✐✜❡r✱ ❜②t❡ ♦✛s❡t✮✳
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✶✺
■♥❞✉❝t✐✈❡ ♠❡♠✈❛❧✿ ❚②♣❡ ✿❂
⑤ ❯♥❞❡❢✿ ♠❡♠✈❛❧
⑤ ❇②t❡✿ ❜②t❡ ✲❃ ♠❡♠✈❛❧
⑤ P♦✐♥t❡r✿ ❜❧♦❝❦ ✲❃ ✐♥t ✲❃ ♥❛t ✲❃ ♠❡♠✈❛❧✳
❚❤❡ ❝♦♥t❡♥ts ♦❢ ❛ ❣✐✈❡♥ ♠❡♠♦r② ❜②t❡ ❝❛♥ ❜❡ ❡✐t❤❡r
❼ ❯♥❞❡❢✱ st❛♥❞✐♥❣ ❢♦r ❛♥ ✉♥s♣❡❝✐✜❡❞ ❜✐t ♣❛tt❡r♥ s✉❝❤ ❛s t❤❡ ❝♦♥t❡♥ts ♦❢ ❛♥ ✉♥✐♥✐t✐❛❧✐③❡❞
♠❡♠♦r② ❛r❡❛❀
❼ Byte n ✇❤❡r❡ n ✐s ❛ ❝♦♥❝r❡t❡ ✽✲❜✐t ✐♥t❡❣❡r ✐♥ t❤❡ r❛♥❣❡ 0 . . . 255❀
❼ Pointer b i n✱ st❛♥❞✐♥❣ ❢♦r t❤❡ n✲t❤ ❜②t❡ ♦❢ t❤❡ ❛❜str❛❝t ♣♦✐♥t❡r (b, i)✳
❚❤❡ ✐♥t❡♥t ♦❢ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s t❤❛t ✐♥t❡❣❡r ❛♥❞ ✢♦❛t ✈❛❧✉❡s✱ ✇❤❡♥ st♦r❡❞ ✐♥ ♠❡♠♦r②✱ ❛r❡
❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ❜②t❡s n1, . . . , nk✱ t❛❦✐♥❣ ❡♥❞✐❛♥♥❡ss ❛♥❞ ■❊❊❊ ❡♥❝♦❞✐♥❣ ♦❢ ✢♦❛ts
✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡♥ st♦r❡❞ ✐♥ t❤❡ ❝♦♥t❡♥ts ♠❛♣ ❛s t❤❡ ♠❡♠✈❛❧s Byte n1, . . . , Byte nk✳ ✭❚❤✐s ✐s
❡①❛❝t❧② ✇❤❛t t❤❡ ❤❛r❞✇❛r❡ ♣r♦❝❡ss♦r ❞♦❡s✳✮ ■♥ ❝♦♥tr❛st✱ ✇❤❡♥ st♦r✐♥❣ ❛ ♣♦✐♥t❡r ✈❛❧✉❡ Vptr(b, i)✱
✇❡ ❤✐❞❡ ✐ts ❤❛r❞✇❛r❡ r❡♣r❡s❡♥t❛t✐♦♥ ❜② st♦r✐♥❣ t❤❡ ♠❡♠✈❛❧s Pointer b i 0, . . . , Pointer b i 3✳
▲♦❛❞✐♥❣ ❢r♦♠ ♠❡♠♦r② ♣❡r❢♦r♠s t❤❡ r❡✈❡rs❡ ♦♣❡r❛t✐♦♥✱ r❡❝♦✈❡r✐♥❣ ❛ ✈❛❧✉❡ ❢r♦♠ ❛ s❡q✉❡♥❝❡ ♦❢
♠❡♠✈❛❧s✳
❚❤❡s❡ ❝♦♥✈❡rs✐♦♥s ❜❡t✇❡❡♥ ✈❛❧✉❡s ❛♥❞ ❧✐sts ♦❢ ♠❡♠✈❛❧s ❛r❡ ❣♦✈❡r♥❡❞ ❜② ❛ ♠❡♠♦r② q✉❛♥t✐t②
✭✏❝❤✉♥❦✑✮ ❛♥❞ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❢✉♥❝t✐♦♥s✿
❡♥❝♦❞❡❴✈❛❧✿ ♠❡♠♦r②❴❝❤✉♥❦ ✲❃ ✈❛❧ ✲❃ ❧✐st ♠❡♠✈❛❧
❞❡❝♦❞❡❴✈❛❧✿ ♠❡♠♦r②❴❝❤✉♥❦ ✲❃ ❧✐st ♠❡♠✈❛❧ ✲❃ ✈❛❧
❍❡r❡ ✐s t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡♥❝♦❞❡❴✈❛❧✿
encode❴val Mint8unsigned (Vint(n)) =[Byte x1] ✇❤❡r❡ (x1) = encode❴int 1 n
encode❴val Mint8signed (Vint(n)) =[Byte x1] ✇❤❡r❡ (x1) = encode❴int 1 n
encode❴val Mint16unsigned (Vint(n)) =[Byte x1; Byte x2] ✇❤❡r❡ (x1, x2) = encode❴int 2 n
encode❴val Mint16signed (Vint(n)) =[Byte x1; Byte x2] ✇❤❡r❡ (x1, x2) = encode❴int 2 n
encode❴val Mint32 (Vint(n)) =[Byte x1; Byte x2; Byte x3; Byte x4]
✇❤❡r❡ (x1, . . . , x4) = encode❴int 4 n
encode❴val Mint32 (Vptr(b, i)) =[Pointer b i 0; Pointer b i 1; Pointer b i 2; Pointer b i 3]
encode❴val Mfloat32 (Vfloat(n)) =[Byte x1; Byte x2; Byte x3; Byte x4]
✇❤❡r❡ (x1, . . . , x4) = encode❴int 4 (bits❴of❴single n)
encode❴val Mfloat64 (Vfloat(n)) =[Byte x1; . . . ; Byte x8]
✇❤❡r❡ (x1, . . . , x8) = encode❴int 8 (bits❴of❴double n)
encode❴val τ v =[Undef; . . . ; Undef] ✭|τ | t✐♠❡s ❯♥❞❡❢✮ ♦t❤❡r✇✐s❡
❍❡r❡✱ encode❴int l n r❡t✉r♥s t❤❡ ❧✐st ♦❢ t❤❡ ❧♦✇ l ❜②t❡s ♦❢ ✐♥t❡❣❡r n✱ ❡✐t❤❡r ✐♥ ❜✐❣✲❡♥❞✐❛♥ ♦r
❧✐tt❧❡✲❡♥❞✐❛♥ ♦r❞❡r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡✳ ❜✐ts❴♦❢❴s✐♥❣❧❡ ❛♥❞ ❜✐ts❴♦❢❴❞♦✉❜❧❡
r❡t✉r♥ ❛s ❛♥ ✐♥t❡❣❡r t❤❡ ■❊❊❊ ✼✺✹ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡✲♣r❡❝✐s✐♦♥ ♦r ❞♦✉❜❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛t✱
r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❞❡❝♦❞❡❴✈❛❧ ❢✉♥❝t✐♦♥ ✐s ❛❧s♦ ❞❡✜♥❡❞ ❜② ❝❛s❡ ❛♥❛❧②s✐s✱ ✐♥ ❛ ♠❛♥♥❡r s②♠♠❡tr✐❝❛❧ t♦ t❤❛t
♦❢ ❡♥❝♦❞❡❴✈❛❧✳
❘❘ ♥➦ ✼✾✽✼
✶✻ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
decode❴val Mint8unsigned [Byte x1] = Vint(n)
✇❤❡r❡ n = decode❴int [x1]
decode❴val Mint8signed [Byte x1] = Vint(sign❴extends(n))
✇❤❡r❡ n = decode❴int [x1]
decode❴val Mint16unsigned [Byte x1; Byte x2] = Vint(n)
✇❤❡r❡ n = decode❴int [x1;x2]
decode❴val Mint16signed [Byte x1; Byte x2] = Vint(sign❴extends(n))
✇❤❡r❡ n = decode❴int [x1;x2]
decode❴val Mint32 [Byte x1; . . . ; Byte x4] = Vint(n)
✇❤❡r❡ n = decode❴int [x1; . . . ;x4]
decode❴val Mint32 [Pointer b i 0; . . . ; Pointer b i 3] = Vptr(b, i)
decode❴val Mfloat32 [Byte x1; . . . ; Byte x4] = Vfloat(single❴of❴bits(n))
✇❤❡r❡ n = decode❴int [x1; . . . ;x4]
decode❴val Mfloat64 [Byte x1; . . . ; Byte x8] = Vfloat(double❴of❴bits(n))
✇❤❡r❡ n = decode❴int [x1; . . . ;x8]
decode❴val τ L = Vundef ✐♥ ❛❧❧ ♦t❤❡r ❝❛s❡s
❍❡r❡✱ decode❴int L ❝♦♠❜✐♥❡s t❤❡ ❣✐✈❡♥ ❧✐st ♦❢ ❜②t❡s L ✐♥t♦ ❛♥ ✐♥t❡❣❡r✱ ✉s✐♥❣ ❡✐t❤❡r ❜✐❣✲❡♥❞✐❛♥
♦r ❧✐tt❧❡✲❡♥❞✐❛♥ ❝♦♥✈❡♥t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡✳
❚❤❡ ❞❡❝♦❞❡❴✈❛❧ ❢✉♥❝t✐♦♥ ✐s ❝❛r❡❢✉❧❧② ❡♥❣✐♥❡❡r❡❞ t♦ ❜❡ t❤❡ ❧❡❢t ✐♥✈❡rs❡ ♦❢ ❡♥❝♦❞❡❴✈❛❧✿ ❡♥✲
❝♦❞✐♥❣ ❛ ✈❛❧✉❡✱ t❤❡♥ ❞❡❝♦❞✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❧✐st ♦❢ ❜②t❡s✱ r❡❝♦✈❡rs t❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡ ♠♦❞✉❧♦
♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ t♦ t❤❡ ♠❡♠♦r② t②♣❡ ✉s❡❞✿
decode❴val τ (encode❴val τ v) = convert τ v
❚❤✐s ♣r♦♣❡rt② st✐❧❧ ❤♦❧❞s ✐❢ t❤❡ ❜②t❡s ❛r❡ ❞❡❝♦❞❡❞ ✇✐t❤ ❛♥ ✐♥t❡❣❡r ♠❡♠♦r② t②♣❡ τ ′ t❤❛t ❞✐✛❡rs
♦♥❧② ✐♥ s✐❣♥❡❞♥❡ss ❢r♦♠ t❤❡ ♠❡♠♦r② t②♣❡ τ ✉s❡❞ ❢♦r ❡♥❝♦❞✐♥❣✿
decode❴val τ ′ (encode❴val τ v) =convert τ ′ v
✐❢ {τ, τ ′} = {Mint8unsigned, Mint8signed}
♦r {τ, τ ′} = {Mint16unsigned, Mint16signed}
▼♦r❡♦✈❡r✱ ❡♥❝♦❞✐♥❣ ❛s ❛ ▼✐♥t✸✷ ❛♥❞ ❞❡❝♦❞✐♥❣ ❛s ❛ ▼❢❧♦❛t✸✷✱ ♦r ❝♦♥✈❡rs❡❧②✱ ❣✐✈❡s ❛❝❝❡ss t♦ t❤❡
■❊❊❊ ❜✐t✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s✐♥❣❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛ts✿
decode❴val Mfloat32 (encode❴val Mint32 (Vint(i))) = single❴of❴bits(i)
decode❴val Mint32 (encode❴val Mfloat32 (Vfloat(f))) = bits❴of❴single(f)
✹✳✹ ❆❧❣❡❜r❛✐❝ ❧❛✇s
▲♦❛❞ ❛♥❞ ❧♦❛❞❜②t❡s❀ st♦r❡ ❛♥❞ st♦r❡❜②t❡s ❆ ❧♦❛❞ ♦♣❡r❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❧♦❛❞❜②t❡s
♦♣❡r❛t✐♦♥ ♣❧✉s ❛ ❞❡❝♦❞❡❴✈❛❧ ❛♥❞ ❛♥ ❛❧✐❣♥♠❡♥t ❝❤❡❝❦✿
load m τ b i = Some (decode❴val τ B) ⇔ loadbytes m b i |τ | = Some B ∧ 〈τ〉 ❞✐✈✐❞❡s i
❙✐♠✐❧❛r❧② ❢♦r ❛ st♦r❡ ♦♣❡r❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st♦r❡❜②t❡s ♦♣❡r❛t✐♦♥✿
store m τ b i v = Some m′ ⇔ storebytes m b i (encode❴val τ v) = Some m′ ∧ 〈τ〉 ❞✐✈✐❞❡s i
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✶✼
❉❡❝♦♠♣♦s✐♥❣ ❧♦❛❞❜②t❡s ❛♥❞ st♦r❡❜②t❡s ♦♣❡r❛t✐♦♥s ❆ ❧♦❛❞❜②t❡s ♦♣❡r❛t✐♦♥ ♦♥ ❛ r❛♥❣❡
♦❢ ❧♦❝❛t✐♦♥s ✐s ❡q✉✐✈❛❧❡♥t t♦ t✇♦ ❧♦❛❞❜②t❡s ♦♣❡r❛t✐♦♥s ♦♥ t✇♦ ❛❞❥❛❝❡♥t r❛♥❣❡s✿
loadbytes m b i (n1+n2) = Some B ⇔ ∃B1, ∃B2, loadbytes m b i n1 = Some B1
∧ loadbytes m b (i+ n1) n2 = Some B2
∧ B = B1.B2
▲✐❦❡✇✐s❡✱ ❛ st♦r❡❜②t❡ ♦♣❡r❛t✐♦♥ ❞❡❝♦♠♣♦s❡s ✐♥t♦ t✇♦ st♦r❡❜②t❡s✿
storebytesm b i (B1.B2) = Somem
′ ⇔ ∃m1, storebytes m b i B1 = Some m1
∧ storebytes m1 b (i+ |B1|) B2 = Some m
′
▲♦❛❞ ❛❢t❡r ❛❧❧♦❝ ❙❛♠❡ ♣r♦♣❡rt✐❡s ❛s ✐♥ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ♠♦❞❡❧✿ ✐❢ alloc m l h = (m′, b)✱
❼ load m′ τ ′ b′ i′ = load m τ ′ b′ i′ ✐❢ b′ 6= b
❼ ■❢ load m τ b i = Some v✱ t❤❡♥ v = Vundef
▲♦❛❞ ❛❢t❡r ❢r❡❡✿ ✐❢ free m b l h = m′✱
❼ load m′ τ ′ b′ i′ = load m τ ′ b′ i′ ✐❢ b′ 6= b ♦r i′ + |τ ′| ≤ l ♦r h ≤ i′
❼ load m τ b i = None ✐❢ l ≤ i ❛♥❞ i+ |τ | ≤ h✳
▲♦❛❞❜②t❡s ❛❢t❡r st♦r❡❜②t❡s ■❢ storebytes m b i B = Some m′✱
❼ ❈♦♠♣❛t✐❜❧❡ ❝❛s❡✿ loadbytes m′ b i |B| = Some B
❼ ❉✐s❥♦✐♥t ❝❛s❡✿ loadbytes m′ b′ i′ n′ = loadbytes m b′ i′ n′ ✐❢ b′ 6= b ♦r i′ + n′ ≤ i ♦r
i+ |B| ≤ i′
❈❛s❡s ♦❢ ♣❛rt✐❛❧ ♦✈❡r❧❛♣ ❝❛♥ ❜❡ r❡❛s♦♥❡❞ ✉♣♦♥ ❜② ❞❡❝♦♠♣♦s✐♥❣ t❤❡ st♦r❡❜②t❡s ♦r t❤❡ ❧♦❛❞❜②t❡s
♦♣❡r❛t✐♦♥ ✐♥t♦ ♠✉❧t✐♣❧❡ ♦♣❡r❛t✐♦♥s✳
▲♦❛❞ ❛❢t❡r st♦r❡ ✐❢ store m τ b i v = Some m′✱
❼ ❉✐s❥♦✐♥t ❝❛s❡✿ load m′ τ ′ b′ i′ = load m τ ′ b′ i′ ✐❢ b′ 6= b ♦r i′ + |τ ′| ≤ i ♦r i+ |τ | ≤ i′
❼ ❈♦♠♣❛t✐❜❧❡ ❝❛s❡✿ load m′ τ ′ b i = decode❴val τ ′ (encode❴val τ v) ✐❢ |τ ′| = |τ |✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ τ ′ ❛♥❞ τ ❛r❡ ✐❞❡♥t✐❝❛❧ ♦r ❞✐✛❡r ♦♥❧② ✐♥ s✐❣♥❡❞♥❡ss✱ load m′ τ ′ b i =
convert τ ′ v✳
❈♦♠♣❛r❡❞ ✇✐t❤ ✈❡rs✐♦♥ ✶ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✱ ✐t ✐s ♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡ t❤❛t t❤❡ ❧♦❛❞ ♠✉st
r❡t✉r♥ ❛♥ ❱✉♥❞❡❢ ✈❛❧✉❡ ✐♥ t❤❡ ✏✐♥❝♦♠♣❛t✐❜❧❡✑ ❛♥❞ ✏♦✈❡r❧❛♣♣✐♥❣✑ ❝❛s❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ✇r✐t❡
❛ ✻✹✲❜✐t ✢♦❛t f ❛t ❧♦❝❛t✐♦♥ (b, i)✱ t❤❡♥ r❡❛❞ ❛ ✸✷✲❜✐t ✐♥t❡❣❡r ❢r♦♠ t❤✐s ❧♦❝❛t✐♦♥✱ t❤❡ r❡s✉❧t ✐s ♥♦t
❱✉♥❞❡❢ ❜✉t ❛♥ ✐♥t❡❣❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ■❊❊❊ ❜✐t✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ f ✳ ❚❤✐s
✐s ❛ str❡♥❣t❤ ♦❢ t❤❡ ♥❡✇ ♠❡♠♦r② ♠♦❞❡❧✱ ❛s ✐t ❛❞❞r❡ss❡s t❤❡ ❧✐♠✐t❛t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳
❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ st✐❧❧ s❛② s♦♠❡t❤✐♥❣ ✐♥ t❤❡ ✏✐♥❝♦♠♣❛t✐❜❧❡✑ ❛♥❞ ✏♦✈❡r❧❛♣♣✐♥❣✑ ❝❛s❡s ✐❢ t❤❡ ✈❛❧✉❡ v
❥✉st st♦r❡❞ ✐s ❛ ♣♦✐♥t❡r ✈❛❧✉❡✳
❼ ■♥❝♦♠♣❛t✐❜❧❡ ❝❛s❡ ❢♦r ♣♦✐♥t❡r ✈❛❧✉❡s✿ ✐❢ v ✐s ❛ ♣♦✐♥t❡r ✈❛❧✉❡ ❛♥❞ load m′ τ ′ b i = Some v′
❛♥❞ τ 6= Mint32 ∨ τ ′ 6= Mint32✱ t❤❡♥ v′ = Vundef✳
❼ ❖✈❡r❧❛♣♣✐♥❣ ❝❛s❡ ❢♦r ♣♦✐♥t❡r ✈❛❧✉❡s✿ ✐❢ v ✐s ❛ ♣♦✐♥t❡r ✈❛❧✉❡ ❛♥❞ load m′ τ ′ b i′ = Some v′
❛♥❞ i′ 6= i ❛♥❞ i′ + |τ ′| > i ❛♥❞ i+ |τ | > i′✱ t❤❡♥ v′ = Vundef✳
❚❤❡s❡ s♣❡❝✐❛❧ ❝❛s❡s ❛r❡ r❡❧❛t❡❞ t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✐♥t❡❣r✐t② ♣r♦♣❡rt② ❢♦r st♦r❡❞ ♣♦✐♥t❡r ✈❛❧✉❡s✱
❞❡s❝r✐❜❡❞ ♥❡①t✳
❘❘ ♥➦ ✼✾✽✼
✶✽ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
■♥t❡❣r✐t② ♦❢ ♣♦✐♥t❡r ✈❛❧✉❡s ❆s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❧♦❛❞ ✐♥t❡❣❡r ♦r ✢♦❛t ✈❛❧✉❡s
t❤❛t ✇❡r❡ ♥❡✈❡r st♦r❡❞ ✐♥ ♠❡♠♦r②✱ ❜✉t ❛r✐s❡ ❢r♦♠ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❜②t❡✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢
♦t❤❡r ✐♥t❡❣❡r ♦r ✢♦❛t ✈❛❧✉❡s ♣r❡✈✐♦✉s❧② st♦r❡❞ ✐♥ ♠❡♠♦r②✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ❣✉❛r❛♥t❡❡s
t❤❛t t❤✐s ❝❛♥♥♦t ❤❛♣♣❡♥ ❢♦r ♣♦✐♥t❡r ✈❛❧✉❡s✿
■❢ store m τ b i v = Some m′ ❛♥❞ load m′ τ ′ b′ i′ = Some(Vptr(b′′, i′′))✱ t❤❡♥ ❡✐t❤❡r
❼ t❤❡ ♣♦✐♥t❡r ✈❛❧✉❡ t❤❛t ✐s ❧♦❛❞❡❞ ✐s t❤❡ ✈❛❧✉❡ ❥✉st st♦r❡❞✿ τ = τ ′ = Mint32 ❛♥❞
b′ = b ❛♥❞ i′ = i ❛♥❞ v = Vptr(b′′, i′′)❀
❼ ♦r t❤❡ ❧♦❛❞ ✐s ❞✐s❥♦✐♥t ❢r♦♠ t❤❡ st♦r❡✿ b′ 6= b ♦r i′ + |τ ′| ≤ i ♦r i + |τ | ≤ i′❀
t❤❡r❡❢♦r❡✱ t❤❡ ♣♦✐♥t❡r ✈❛❧✉❡ t❤❛t ✐s ❧♦❛❞❡❞ ✇❛s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧
♠❡♠♦r② st❛t❡✿ load m τ ′ b′ i′ = Some(Vptr(b′′, i′′))
❚❤✐s ✐♥t❡❣r✐t② ♣r♦♣❡rt② ✐s ✐♠♣♦rt❛♥t✿ ✐❢ ♣♦✐♥t❡r ✈❛❧✉❡s ❝♦✉❧❞ ❛r✐s❡ ✏♦✉t ♦❢ t❤✐♥ ❛✐r✑ ❜② ❧♦❛❞✐♥❣
❜②t❡✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ♦t❤❡r ✈❛❧✉❡s✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✈❛r✐❛♥❝❡ ❜② ♠❡♠♦r② tr❛♥s❢♦r♠❛t✐♦♥s
✭s❡❝t✐♦♥ ✸✳✸✮ ✇♦✉❧❞ ❜❡ ✐♥✈❛❧✐❞❛t❡❞✱ ❛♥❞ s❡✈❡r❛❧ ♣❛ss❡s ♦❢ t❤❡ ❈♦♠♣❈❡rt ❝♦♠♣✐❧❡r ❝♦✉❧❞ ♥♦ ❧♦♥❣❡r
❜❡ ♣r♦✈❡❞ s❡♠❛♥t✐❝s✲♣r❡s❡r✈✐♥❣✳
✹✳✺ ■♠♣❧❡♠❡♥t❛t✐♦♥
❚❤❡ ❈♦♠♣❈❡rt ❈♦q s♦✉r❝❡s ♣r♦✈✐❞❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ✐♥ ♠♦❞✉❧❡ ▼❡♠♦r②✱
✇❤✐❝❤ ✐s ♣r♦✈❡❞ t♦ s❛t✐s❢② t❤❡ ❛❧❣❡❜r❛✐❝ ❧❛✇s ❧✐st❡❞ ❛❜♦✈❡ ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r ♣r♦♣❡rt✐❡s s♣❡❝✐✜❡❞ ✐♥
♠♦❞✉❧❡ ▼❡♠t②♣❡✳ ❲❡ ❜r✐❡✢② ♦✉t❧✐♥❡ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ r❡❢❡rr✐♥❣ t❤❡ r❡❛❞❡r t♦ t❤❡ ❝♦♠♠❡♥t❡❞
❈♦q ❞❡✈❡❧♦♣♠❡♥t ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ▼❡♠♦r② st❛t❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝♦r❞ t②♣❡✿
❉❡❢✐♥✐t✐♦♥ ❜❧♦❝❦ ✿ ❚②♣❡ ✿❂ ❩✳
❘❡❝♦r❞ ♠❡♠ ✿ ❚②♣❡ ✿❂ ♠❦♠❡♠ ④
♠❡♠❴❝♦♥t❡♥ts✿ ❩▼❛♣✳t ✭❩▼❛♣✳t ♠❡♠✈❛❧✮❀
♠❡♠❴❛❝❝❡ss✿ ❩▼❛♣✳t ✭❩ ✲❃ ♣❡r♠❴❦✐♥❞ ✲❃ ♦♣t✐♦♥ ♣❡r♠✐ss✐♦♥✮❀
♥❡①t❜❧♦❝❦✿ ❜❧♦❝❦❀
♥❡①t❜❧♦❝❦❴♣♦s✿ ♥❡①t❜❧♦❝❦ ❃ ✵❀
❛❝❝❡ss❴♠❛①✿
❢♦r❛❧❧ ❜ ♦❢s✱ ♣❡r♠❴♦r❞❡r✬✬ ✭♠❡♠❴❛❝❝❡ss★❜ ♦❢s ▼❛①✮ ✭♠❡♠❴❛❝❝❡ss★❜ ♦❢s ❈✉r✮❀
♥❡①t❜❧♦❝❦❴♥♦❛❝❝❡ss✿
❢♦r❛❧❧ ❜ ♦❢s ❦✱ ❜ ❁❂ ✵ ❭✴ ❜ ❃❂ ♥❡①t❜❧♦❝❦ ✲❃ ♠❡♠❴❛❝❝❡ss★❜ ♦❢s ❦ ❂ ◆♦♥❡
❆ ♠❡♠♦r② st❛t❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ ♣✐❡❝❡s ♦❢ ❞❛t❛✿
❼ ❆ ❜❧♦❝❦ ✐❞❡♥t✐✜❡r ♥❡①t❜❧♦❝❦✱ ✇❤✐❝❤ tr❛❝❦s t❤❡ ✜rst ♥♦♥✲❛❧❧♦❝❛t❡❞ ❜❧♦❝❦✳ ❚❤✐s ✐s t❤❡ ❜❧♦❝❦
✐❞❡♥t✐✜❡r t❤❛t t❤❡ ♥❡①t ❛❧❧♦❝ ♦♣❡r❛t✐♦♥ ✇✐❧❧ r❡t✉r♥ ❛s r❡s✉❧t✳
❼ ❆ ♠❛♣ ♠❡♠❴❝♦♥t❡♥ts ❢r♦♠ ✭❜❧♦❝❦✱ ♦✛s❡t✮ ♣❛✐rs t♦ ♠❡♠✈❛❧s✳ ❚❤✐s ♠❛♣ ✐s ✐♠♣❧❡♠❡♥t❡❞
✉s✐♥❣ t❤❡ ❩▼❛♣ ❞❛t❛ str✉❝t✉r❡ ❢r♦♠ ❈♦♠♣❈❡rt✬s ▼❛♣s ❧✐❜r❛r②✳ ❩▼❛♣ ♣r♦✈✐❞❡s ❛♥ ❡✣❝✐❡♥t
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❩✲✐♥❞❡①❡❞ ✜♥✐t❡ ♠❛♣s ✇✐t❤ ❛ ❞❡❢❛✉❧t ✈❛❧✉❡✳
❼ ❆ ♠❛♣ ♠❡♠❴❛❝❝❡ss ❢r♦♠ ✭❜❧♦❝❦✱ ♦✛s❡t✱ ♣❡r♠✐ss✐♦♥✲❦✐♥❞✮ tr✐♣❧❡s t♦ t❤❡ t②♣❡ ♦♣t✐♦♥
♣❡r♠✐ss✐♦♥✳ ❚❤✐s ♠❛♣s r❡❝♦r❞s✱ ❢♦r ❡✈❡r② ❧♦❝❛t✐♦♥✱ t❤❡ ❣r❡❛t❡st ❈✉r ♣❡r♠✐ss✐♦♥ ❛♥❞ t❤❡
❣r❡❛t❡st ▼❛① ♣❡r♠✐ss✐♦♥✳ ◆♦♥❡ ♠❡❛♥s ♥♦ ♣❡r♠✐ss✐♦♥s ❛t ❛❧❧✳
❆❞❞✐t✐♦♥❛❧❧②✱ t❤r❡❡ ✐♥✈❛r✐❛♥ts ❛r❡ ♣❛❝❦❛❣❡❞ ✇✐t❤ t❤✐s ❞❛t❛✿
❼ ❚❤❡ ♥❡①t ❜❧♦❝❦ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✳ ✭◆❡❣❛t✐✈❡ ❜❧♦❝❦ ✐❞❡♥t✐✜❡rs ❛r❡ r❡s❡r✈❡❞ ❜② ❈♦♠♣❈❡rt t♦
r❡♣r❡s❡♥t ❢✉♥❝t✐♦♥ ♣♦✐♥t❡rs✳✮
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✶✾
❼ ❋♦r ❡✈❡r② ❧♦❝❛t✐♦♥✱ t❤❡ ❈✉r ♣❡r♠✐ss✐♦♥ ♥❡✈❡r ❡①❝❡❡❞s t❤❡ ▼❛① ♣❡r♠✐ss✐♦♥✳
❼ ❇❧♦❝❦s t❤❛t ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❧❧♦❝❛t❡❞ ②❡t ❤❛✈❡ ❡♠♣t② ♣❡r♠✐ss✐♦♥s✳
❚♦ ❣✐✈❡ ❛ ✢❛✈♦r ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❤❡r❡ ✐s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ st♦r❡ ♦♣❡r❛t✐♦♥✿
❉❡❢✐♥✐t✐♦♥ st♦r❡ ✭❝❤✉♥❦✿ ♠❡♠♦r②❴❝❤✉♥❦✮ ✭♠✿ ♠❡♠✮
✭❜✿ ❜❧♦❝❦✮ ✭♦❢s✿ ❩✮ ✭✈✿ ✈❛❧✮ ✿ ♦♣t✐♦♥ ♠❡♠ ✿❂
✐❢ ✈❛❧✐❞❴❛❝❝❡ss❴❞❡❝ ♠ ❝❤✉♥❦ ❜ ♦❢s ❲r✐t❛❜❧❡ t❤❡♥
❙♦♠❡ ✭♠❦♠❡♠ ✭❩▼❛♣✳s❡t ❜
✭s❡t◆ ✭❡♥❝♦❞❡❴✈❛❧ ❝❤✉♥❦ ✈✮ ♦❢s ✭♠✳✭♠❡♠❴❝♦♥t❡♥ts✮★❜✮✮
♠✳✭♠❡♠❴❝♦♥t❡♥ts✮✮
♠✳✭♠❡♠❴❛❝❝❡ss✮
♠✳✭♥❡①t❜❧♦❝❦✮
♠✳✭♥❡①t❜❧♦❝❦❴♣♦s✮
♠✳✭❛❝❝❡ss❴♠❛①✮
♠✳✭♥❡①t❜❧♦❝❦❴♥♦❛❝❝❡ss✮✮
❡❧s❡
◆♦♥❡✳
✈❛❧✐❞❴❛❝❝❡ss❴❞❡❝ ❞❡❝✐❞❡s ✇❤❡t❤❡r t❤❡ ♦✛s❡t ✐s ❛❧✐❣♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡♠♦r② ❝❤✉♥❦ ❛♥❞
✇❤❡t❤❡r ❛❧❧ ❛❞❞r❡ss❡❞ ❜②t❡s ❤❛✈❡ ❈✉r✱❲r✐t❛❜❧❡ ♣❡r♠✐ss✐♦♥s✳ ■❢ ♥♦t✱ st♦r❡ ❢❛✐❧s✱ r❡t✉r♥✐♥❣ ◆♦♥❡✳
■❢ s♦✱ ❛♥ ✉♣❞❛t❡❞ ♠❡♠♦r② st❛t❡ ✐s r❡t✉r♥❡❞✱ ✇❤❡r❡ t❤❡ ❧♦❝❛t✐♦♥s (b, ofs), . . . , (b, ofs+|chunk|−1)
❛r❡ s❡t ✭❜② t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ s❡t◆✮ t♦ t❤❡ ❧✐st ♦❢ ♠❡♠✈❛❧s r❡t✉r♥❡❞ ❜② ❡♥❝♦❞❡❴✈❛❧ ❝❤✉♥❦
✈✱ ❛♥❞ ❛❧❧ ♦t❤❡r ❧♦❝❛t✐♦♥s ❛r❡ ✉♥❝❤❛♥❣❡❞✳
❙♦♠❡ ❝❧✐❡♥ts ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧✱ s✉❝❤ ❛s ❧✐❜r❛r✐❡s ♦❢ ❧❡♠♠❛s ❛❜♦✉t ♣r♦❣r❛♠
tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ ♣r♦❣r❛♠ ❧♦❣✐❝s✱ ♦❢t❡♥ ✜♥❞ ✐t ❝♦♥✈❡♥✐❡♥t t♦ r❡❛s♦♥ ❛❜♦✉t t❤❡ ❝♦♥str✉❝t✐✈❡
❞❡✜♥✐t✐♦♥s ✭s✉❝❤ ❛s t❤❡ ♦♥❡ s❤♦✇♥ ❤❡r❡ ❢♦r st♦r❡✮ ✐♥st❡❛❞ ♦❢ t❤❡✐r ❛①✐♦♠❛t✐③❛t✐♦♥s✳ ❖t❤❡r ❝❧✐❡♥ts✱
s✉❝❤ ❛s t❤❡ ❝♦rr❡❝t♥❡ss ♣r♦♦❢s ❢♦r ❈♦♠♣❈❡rt✬s ❝♦♠♣✐❧❛t✐♦♥ ♣❛ss❡s✱ ♦♥❧② ♥❡❡❞ t❤❡ ❛①✐♦♠❛t✐③❛t✐♦♥
✐♥ t❡r♠s ♦❢ ❛❧❣❡❜r❛✐❝ ❧❛✇s ♦✉t❧✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✹✳
✺ ❆ss❡ss♠❡♥t ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧✱ ✈❡rs✐♦♥ ✷
❱❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ♣r❡s❡r✈❡s t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ ✈❡rs✐♦♥ ✶✱ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✸✱
♥❛♠❡❧②✿
❼ ■t ❣✐✈❡s t❤❡ ❡①♣❡❝t❡❞ s❡♠❛♥t✐❝s t♦ ❈ ♣r♦❣r❛♠s t❤❛t ❝♦♥❢♦r♠ t♦ ■❙❖ ❈✾✾✳
❼ ■t ❣✐✈❡s t❤❡ ❡①♣❡❝t❡❞ s❡♠❛♥t✐❝s t♦ t❤♦s❡ ♥♦♥❝♦♥❢♦r♠❛♥t ❈ ♣r♦❣r❛♠s t❤❛t ♣❡r❢♦r♠ ✇✐❧❞
❝❛sts ❜❡t✇❡❡♥ ♣♦✐♥t❡rs ❛♥❞ ♠❛❦❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ♠❡♠♦r② ❧❛②♦✉t ♦❢ ❝♦♠♣♦s✐t❡ t②♣❡s
✭str✉❝ts✱ ✉♥✐♦♥s ❛♥❞ ❛rr❛②s✮✳
❼ ■t ❡♥❥♦②s ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✈❛r✐❛♥❝❡ ❜② ♠❡♠♦r② tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ♠❡♠♦r②
✐♥❥❡❝t✐♦♥s ✐♥✐t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r ✈❡rs✐♦♥ ✶ ❡①t❡♥❞s ❡❛s✐❧② t♦ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞
✇❛s s❤♦✇♥ t♦ ❝♦♠♠✉t❡ ✇✐t❤ ♠❡♠♦r② ♦♣❡r❛t✐♦♥s✳ ❚❤❡ ♣r♦♦❢s ♦❢ s❡♠❛♥t✐❝ ♣r❡s❡r✈❛t✐♦♥
❢♦r ❈♦♠♣❈❡rt✬s ❝♦♠♣✐❧❡r ♣❛ss❡s ✇❡r❡ r❡❧❛t✐✈❡❧② ❡❛s② t♦ ❛❞❛♣t t♦ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠❡♠♦r②
♠♦❞❡❧✳
❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡ ✐♠♣r♦✈❡♠❡♥ts ❜r♦✉❣❤t ❜② ✈❡rs✐♦♥ ✷ ♦♥ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ ✈❡rs✐♦♥ ✶✳
✺✳✶ ❈❛♣❛❜✐❧✐t②✿ ❆❝❝♦✉♥t✐♥❣ ❢♦r ❧♦✇✲❧❡✈❡❧ ♣r♦❣r❛♠♠✐♥❣ ✐❞✐♦♠s ♦♥ ✐♥t❡✲
❣❡rs ❛♥❞ ✢♦❛ts
❱❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ ❣✐✈❡ ♣r❡❝✐s❡ s❡♠❛♥t✐❝s t♦ ♣r♦❣r❛♠s t❤❛t ♠❛❦❡ ❛ss✉♠♣✲
t✐♦♥s ❛❜♦✉t t❤❡ ♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❜❛s❡ t②♣❡s ✭✐♥t❡❣❡rs ❛♥❞ ✢♦❛ts✮✳ ❲❡ ♥♦✇ r❡✈✐s✐t t❤❡
❘❘ ♥➦ ✼✾✽✼
✷✵ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
❡①❛♠♣❧❡s ♦❢ s❡❝t✐♦♥ ✸✳✷ t♦ ✐❧❧✉str❛t❡ t❤✐s ♥❡✇ ❝❛♣❛❜✐❧✐t②✳
❊♥❞✐❛♥♥❡ss ❝❤❛♥❣❡
✉♥s✐❣♥❡❞ ✐♥t ❜s✇❛♣✭✉♥s✐❣♥❡❞ ✐♥t ①✮
④
✉♥✐♦♥ ④ ✉♥s✐❣♥❡❞ ✐♥t ✐❀ ❝❤❛r ❝❬✹❪❀ ⑥ sr❝✱ ❞st❀
✐♥t ♥❀
sr❝✳✐ ❂ ①❀
✴✯ ♣♦✐♥t ✶ ✯✴
❞st✳❝❬✸❪ ❂ sr❝✳❝❬✵❪❀ ❞st✳❝❬✷❪ ❂ sr❝✳❝❬✶❪❀
❞st✳❝❬✶❪ ❂ sr❝✳❝❬✷❪❀ ❞st✳❝❬✵❪ ❂ sr❝✳❝❬✸❪❀
✴✯ ♣♦✐♥t ✷ ✯✴
r❡t✉r♥ ❞st✳✐❀
⑥
❯s✐♥❣ t❤❡ st♦r❡✲st♦r❡❜②t❡s ❡q✉✐✈❛❧❡♥❝❡✱ ✇❡ s❡❡ t❤❛t ❛t ♣r♦❣r❛♠ ♣♦✐♥t ✶✱ t❤❡ ♠❡♠♦r② ❜❧♦❝❦
❛ss♦❝✐❛t❡❞ ✇✐t❤ sr❝ ❝♦♥t❛✐♥s t❤❡ ❡♥❝♦❞✐♥❣ [Byte x1; Byte x2; Byte x3; Byte x4] ♦❢ t❤❡ ✐♥t❡❣❡r ①✱
✇❤❡r❡ (x1, . . . , x4) = encode❴int 4 x✳
❯s✐♥❣ t❤❡ ❧♦❛❞❜②t❡s✲st♦r❡❜②t❡s ❧❛✇s✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❛t ♣r♦❣r❛♠ ♣♦✐♥t ✷✱ t❤❡ ♠❡♠♦r② ❜❧♦❝❦
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞st ❝♦♥t❛✐♥s t❤❡ ♠❡♠✈❛❧s [Byte x4; Byte x3; Byte x2; Byte x1]✳
❚❤❡ ❧♦❛❞✲❧♦❛❞❜②t❡s ❡q✉✐✈❛❧❡♥❝❡✱ t❤❡♥✱ s❤♦✇s t❤❛t t❤❡ ✐♥t❡❣❡r r❡t✉r♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ ✐s
decode❴int [x4, x3, x2, x1]✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ t❤❡ ❜②t❡✲s✇❛♣♣✐♥❣ ♦❢ ✐♥t❡❣❡r ①✳
❙✐♥❣❧❡✲♣r❡❝✐s✐♦♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡
❢❧♦❛t ❢❛❜s❴s✐♥❣❧❡✭❢❧♦❛t ①✮
④
✉♥✐♦♥ ④ ❢❧♦❛t ❢❀ ✉♥s✐❣♥❡❞ ✐♥t ✐❀ ⑥ ✉❀
✉✳❢ ❂ ①❀
✴✯ ♣♦✐♥t ✶ ✯✴
✉✳✐ ❂ ✉✳✐ ✫ ✵①✼❋❋❋❋❋❋❋❀
✴✯ ♣♦✐♥t ✷ ✯✴
r❡t✉r♥ ✉✳❢❀
⑥
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❧♦❛❞✲st♦r❡✲❝♦♠♣❛t✐❜❧❡ ❧❛✇✱ t❤❡ ✈❛❧✉❡ ♦❢ ✉✳✐ ❛t ♣r♦❣r❛♠ ♣♦✐♥t ✶ ✐s
decode❴val Mint32 (encode❴val Mfloat32 x) = bits❴of❴single(x)
t❤❛t ✐s✱ t❤❡ ✸✷✲❜✐t ✐♥t❡❣❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ■❊❊❊ ✼✺✹ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s✐♥❣❧❡✲♣r❡❝✐s✐♦♥
✢♦❛t ①✳
❯s✐♥❣ t❤❡ s❛♠❡ ❧❛✇ ❛❣❛✐♥✱ t❤❡ r❡t✉r♥ ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s single❴of❴bits(n)✱ ✇❤❡r❡
n ✐s t❤❡ ✈❛❧✉❡ ♦❢ ✉✳✐ ❛t ♣♦✐♥t ✷✳ ❙✐♥❝❡ n = bits❴of❴single(x) ✫ 0x7FFFFFFF✱ ✐t ❢♦❧❧♦✇s t❤❛t
❢❛❜s❴s✐♥❣❧❡ ❝♦♠♣✉t❡s t❤❡ ❢✉♥❝t✐♦♥
x 7→ single❴of❴bits(bits❴of❴single(x) ✫ 0x7FFFFFFF)
❯s✐♥❣ ❛ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ■❊❊❊ ✼✺✹ s✉❝❤ ❛s ❋❧♦❝q ❬✺❪✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s
✢♦❛t✐♥❣✲♣♦✐♥t ❛❜s♦❧✉t❡ ✈❛❧✉❡✳
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✷✶
❈♦♥✈❡rt✐♥❣ ✐♥t❡❣❡rs t♦ ❞♦✉❜❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛ts✱ P♦✇❡rP❈✲st②❧❡
❞♦✉❜❧❡ ❞♦✉❜❧❡❴♦❢❴s✐❣♥❡❞❴✐♥t✭✐♥t ①✮
④
✉♥✐♦♥ ④ ❞♦✉❜❧❡ ❞❀ ✉♥s✐❣♥❡❞ ✐♥t ✐❬✷❪❀ ⑥ ❛✱ ❜❀
❛✳✐❬✵❪ ❂ ✵①✹✸✸✵✵✵✵✵❀ ❛✳✐❬✶❪ ❂ ✵①✽✵✵✵✵✵✵✵❀
❜✳✐❬✵❪ ❂ ✵①✹✸✸✵✵✵✵✵❀ ❜✳✐❬✶❪ ❂ ✵①✽✵✵✵✵✵✵✵ ✰ ①❀
✴✯ ♣♦✐♥t ✶ ✯✴
r❡t✉r♥ ❜✳❞ ✲ ❛✳❞❀
⑥
❯s✐♥❣ ♠❛♥② ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ❧❛✇s ✭st♦r❡✲st♦r❡❜②t❡s ❛♥❞ ❧♦❛❞✲❧♦❛❞❜②t❡s ❡q✉✐✈❛❧❡♥❝❡❀
❧♦❛❞❜②t❡s✲st♦r❡❜②t❡s ❧❛✇s❀ ❛♥❞ ❧♦❛❞❜②t❡s ❛♥❞ st♦r❡❜②t❡s ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦♣❡rt✐❡s✮ ❛♥❞
❛ss✉♠✐♥❣ ❛ ❜✐❣✲❡♥❞✐❛♥ ❛r❝❤✐t❡❝t✉r❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❛t ♣♦✐♥t ✶✱
a.d = double❴of❴bits(0x4330000080000000)
b.d = double❴of❴bits(0x4330000080000000+ x)
❚❤❡ r❡t✉r♥ ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s✱ t❤❡r❡❢♦r❡✱ t❤❡ ❞♦✉❜❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛t✐♥❣✲♣♦✐♥t ❞✐✛❡r❡♥❝❡ ❜❡✲
t✇❡❡♥ t❤❡s❡ t✇♦ ✢♦❛ts✳ ❯s✐♥❣ ❋❧♦❝q✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤✐s ❞✐✛❡r❡♥❝❡ ✐s ✐♥❞❡❡❞ t❤❡ ✢♦❛t
✭❞♦✉❜❧❡✮ ①✱ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❢❛❝t −231 ≤ x < 231✳ ❚❤❡ ♣♦✐♥t ✐s t❤❛t t❤❡ ❝♦rr❡❝t♥❡ss ♦❢
t❤✐s ❢✉♥❝t✐♦♥ ✇❛s r❡❞✉❝❡❞ t♦ ❛ ♣✉r❡ ✢♦❛t✐♥❣✲♣♦✐♥t ❛r✐t❤♠❡t✐❝ ♣r♦❜❧❡♠❀ t❤❡ ❜②t❡✲❧❡✈❡❧ ♠❛♥✐♣✉❧❛✲
t✐♦♥s ♦✈❡r ✢♦❛ts ❛r❡ ♥♦✇ ♣r❡❝✐s❡❧② ❞❡✜♥❡❞ t❤❛♥❦s t♦ t❤❡ ♥❡✇ ♠❡♠♦r② ♠♦❞❡❧✳
✺✳✷ ▲✐♠✐t❛t✐♦♥✿ ◆♦ ❛❝❝❡ss t♦ ❜✐t✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ♣♦✐♥t❡rs
❈♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ❜❧♦❝❦ ❝♦♣② ❡①❛♠♣❧❡ ❢r♦♠ s❡❝t✐♦♥ ✸✳✷✿
✈♦✐❞ ✯ ♠❡♠❝♣②✭✈♦✐❞ ✯ ❞❡st✱ ❝♦♥st ✈♦✐❞ ✯ sr❝✱ s✐③❡❴t ♥✮
④
❢♦r ✭✐ ❂ ✵❀ ✐ ❁ ♥❀ ✐✰✰✮
✭✭❝❤❛r ✯✮ ❞❡st✮❬✐❪ ❂ ✭✭❝♦♥st ❝❤❛r ✯✮ sr❝✮❬✐❪❀
r❡t✉r♥ ❞❡st❀
⑥
❱❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ s❤♦✇ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ❡①❡❝✉t❡s ❛s ❡①♣❡❝t❡❞✱ ❜✉t ♦♥❧② ✐❢
t❤❡ s♦✉r❝❡ ❛rr❛② sr❝ ❝♦♥t❛✐♥s ♥♦ ♣♦✐♥t❡r ✈❛❧✉❡s❀ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ t❤❡ ♠❡♠✈❛❧s ❛t src . . . src+n−1
❛r❡ ❛❧❧ ♦❢ t❤❡ ❇②t❡ ♦r ❯♥❞❡❢ ❦✐♥❞✳
■♥❞❡❡❞✱ ✇❤❡♥ ❧♦❛❞❡❞ ✇✐t❤ ❈ t②♣❡ ❝❤❛r✱ t❤❡ ♠❡♠✈❛❧ Byte x r❡❛❞s ❛s t❤❡ ✐♥t❡❣❡r x ♦r x✬s
s✐❣♥ ❡①t❡♥s✐♦♥ ✭❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ❝❤❛r t②♣❡ ✐s s✐❣♥❡❞✮✳ ❙t♦r✐♥❣ t❤✐s ✐♥t❡❣❡r ✇✐t❤ ❈ t②♣❡
❝❤❛r ❛♠♦✉♥ts t♦ st♦r✐♥❣ t❤❡ ♠❡♠✈❛❧ Byte x✳ ■❢ t❤❡ s♦✉r❝❡ ♠❡♠✈❛❧ ✐s ❯♥❞❡❢✱ ✐t r❡❛❞s ❛s t❤❡
✈❛❧✉❡ ❱✉♥❞❡❢✱ ❛♥❞ ✇r✐t❡s ❜❛❝❦ ❛s t❤❡ ♠❡♠✈❛❧ ❯♥❞❡❢✳ ❋✐♥❛❧❧②✱ ✐❢ t❤❡ s♦✉r❝❡ ♠❡♠✈❛❧ ✐s ❛ ♣♦✐♥t❡r
❢r❛❣♠❡♥t Pointer b i n✱ ✐t r❡❛❞s ❛s t❤❡ ✈❛❧✉❡ ❱✉♥❞❡❢ ❛♥❞ ✇r✐t❡s ❛s ❯♥❞❡❢✳
❆ss✉♠✐♥❣ ♥♦ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ sr❝ ❛♥❞ ❞❡st ♠❡♠♦r② ❛r❡❛s✱ t❤❡ ♥❡t ❡✛❡❝t ♦❢ ♠❡♠❝♣②✬s
❧♦♦♣✱ ✐s✱ t❤❡r❡❢♦r❡✱ t♦ ❝♦♣② t❤❡ ♠❡♠✈❛❧s ❝♦♥t❛✐♥❡❞ ✐♥ sr❝ t♦ t❤❡ ❛r❡❛ ♣♦✐♥t❡❞ ❜② ❞❡st✱ t✉r♥✐♥❣
♣♦✐♥t❡r ❢r❛❣♠❡♥ts ✐♥t♦ ❯♥❞❡❢ ♠❡♠✈❛❧s ❛♥❞ ♣r❡s❡r✈✐♥❣ ❇②t❡ ❛♥❞ ❯♥❞❡❢ ♠❡♠✈❛❧s✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦r ♦❢ ♠❡♠❝♣②✱ ♥❛♠❡❧②✱ ♠❛❦✐♥❣ ❛♥ ❡①❛❝t ❝♦♣② ♦❢ sr❝ ✐♥t♦ ❞❡st✱ ✐s ❣✉❛r❛♥t❡❡❞
❜② ❈♦♠♣❈❡rt✬s s❡♠❛♥t✐❝s ♦♥❧② ✐❢ sr❝ ❝♦♥t❛✐♥s ✐♥t❡❣❡rs ❛♥❞ ✢♦❛ts✱ ❜✉t ♥♦ ♣♦✐♥t❡rs✳
❙✐♠✐❧❛r ❧✐♠✐t❛t✐♦♥s ❛r✐s❡ ✐♥ ❡①❛♠♣❧❡s ♦t❤❡r t❤❛♥ ♠❡♠❝♣②✳ ❖♥❡ ✐s t❤❡ ♠❡♠❝♠♣ ❢✉♥❝t✐♦♥ ❢r♦♠
t❤❡ ❈ st❛♥❞❛r❞ ❧✐❜r❛r②✱ ✇❤✐❝❤ ❝♦♠♣❛r❡s t❤❡ ❝♦♥t❡♥ts ♦❢ t✇♦ ♠❡♠♦r② ❛r❡❛s ❛s ✐❢ t❤❡② ✇❡r❡ ❛rr❛②s
❘❘ ♥➦ ✼✾✽✼
✷✷ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
♦❢ ❝❤❛r❛❝t❡rs✳ ✭❯♥❧✐❦❡ ♠❡♠❝♣②✱ t❤❡ ✐♥❢♦r♠❛❧ s❡♠❛♥t✐❝s ♦❢ ♠❡♠❝♠♣ ✐s ✈❡r② ✉♥❝❧❡❛r t♦ ❜❡❣✐♥ ✇✐t❤✱ ✐♥
♣❛rt✐❝✉❧❛r ❜❡❝❛✉s❡ ✐t ♦❜s❡r✈❡s t❤❡ ✈❛❧✉❡s ♦❢ ♣❛❞❞✐♥❣ ❜②t❡s ✐♥tr♦❞✉❝❡❞ ❜② ❝♦♠♣✐❧❡rs ✐♥ ❝♦♠♣♦✉♥❞
❞❛t❛ str✉❝t✉r❡s✳✮ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❡ ♦❝❝❛s✐♦♥❛❧ ♥❡❡❞ t♦ r❡✈❡rs❡ t❤❡ ❡♥❞✐❛♥♥❡ss ♦❢ ❛ ♣♦✐♥t❡r✱
❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❛ ❜✐❣✲❡♥❞✐❛♥ ♣r♦❝❡ss♦r ❡①❝❤❛♥❣❡s ❧✐♥❦❡❞ ❞❛t❛ str✉❝t✉r❡s ✇✐t❤ ❛ ❧✐tt❧❡✲❡♥❞✐❛♥
❯❙❇ ❝♦♥tr♦❧❧❡r✳
■s t❤✐s ❛ s❡r✐♦✉s ❧✐♠✐t❛t✐♦♥❄ ▼♦r❡ ♣r❛❝t✐❝❛❧ ❡①♣❡r✐❡♥❝❡ ✇✐t❤ ❡♠❜❡❞❞❡❞ ❝r✐t✐❝❛❧ ❝♦❞❡s ✐s ♥❡❡❞❡❞
t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✱ ❜✉t ❤❡r❡ ❛r❡ ❛ ❢❡✇ t❤♦✉❣❤ts ❛❜♦✉t t❤✐s ✐ss✉❡✳
❋✐rst✱ t❤❡ ❈ st❛♥❞❛r❞s ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦rr❡❝t ♠❡♠❝♣② ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❈ st❛♥❞❛r❞
❧✐❜r❛r②✱ ❜✉t ♥❡✈❡r s❛② t❤❛t ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❝♦♥❢♦r♠❛♥t ❈✱ ❛s t❤❡ s✐♠♣❧❡ ❜②t❡✲♣❡r✲❜②t❡ ❝♦♣②
❧♦♦♣ ❛❜♦✈❡ ♦r ✐♥ ❛♥② ♦t❤❡r ✇❛②s✳ ❖✉r ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✐s ♣❡r❢❡❝t❧② ❛❜❧❡ t♦ ❛①✐♦♠❛t✐③❡
t❤❡ ❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ❛ ❝♦rr❡❝t ♠❡♠❝♣② ❢✉♥❝t✐♦♥✱ ❛s ❛ ❧♦❛❞❜②t❡s ♦♣❡r❛t✐♦♥ ♦✈❡r t❤❡ ✇❤♦❧❡ r❛♥❣❡
src . . . src+ n− 1 ❢♦❧❧♦✇❡❞ ❜② ❛ st♦r❡❜②t❡s ❛t ❞❡st✳
❙❡❝♦♥❞✱ ❧✐❦❡ ♠❛♥② ❈ ❝♦♠♣✐❧❡rs✱ ❈♦♠♣❈❡rt ♣r♦✈✐❞❡s ❛ ♣r❡❞❡✜♥❡❞ ❜❧♦❝❦ ❝♦♣② ♦♣❡r❛t✐♦♥✱
❴❴❜✉✐❧t✐♥❴♠❡♠❝♣②✱ ✇❤♦s❡ s❡♠❛♥t✐❝s ✐s ♣r❡❝✐s❡❧② ❞❡✜♥❡❞❞ ❛s ❛ ❧♦❛❞❜②t❡s ♦♣❡r❛t✐♦♥ ❢♦❧❧♦✇❡❞
❜② ❛ st♦r❡❜②t❡s ✭♣❧✉s ❝❤❡❝❦s ❢♦r ❛❜s❡♥❝❡ ♦❢ ♦✈❡r❧❛♣✮✳ ❆ ❝✉rr❡♥t ❧✐♠✐t❛t✐♦♥ ♦❢ t❤✐s ❜✉✐❧t✲✐♥
♦♣❡r❛t✐♦♥ ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♥ ♦❢ ❜②t❡s t♦ ❝♦♣② ♠✉st ❜❡ ❛ ❝♦♠♣✐❧❡✲t✐♠❡ ❝♦♥st❛♥t✳ ■♥ ❡①❝❤❛♥❣❡✱
❈♦♠♣❈❡rt ✐s ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ✈❡r② ❡✣❝✐❡♥t ❛ss❡♠❜❧② ❝♦❞❡ ❢♦r ❴❴❜✉✐❧t✐♥❴♠❡♠❝♣②✱ ✉s✐♥❣
♠✉❧t✐✲❜②t❡ ♠❡♠♦r② ❛❝❝❡ss❡s ❛♥❞ ✉♥r♦❧❧✐♥❣ t❤❡ ❝♦♣② ❧♦♦♣ ✇❤❡♥ ❛♣♣r♦♣r✐❛t❡✳ ❚❤❡ ♣♦✐♥t ✐s
t❤❛t ❈♦♠♣❈❡rt✲❝♦♠♣✐❧❡❞ s②st❡♠s ❝♦❞❡ s❤♦✉❧❞ ♥❡✈❡r ❞❡✜♥❡ ✐ts ♦✇♥ ♠❡♠❝♣② ❢✉♥❝t✐♦♥ ❛♥❞ ❝❛❧❧
✐t ❛s memcpy(dest, src, sizeof(src))✿ ✉s✐♥❣ ❴❴❜✉✐❧t✐♥❴♠❡♠❝♣② ✐s ♥♦t ♦♥❧② ❜❡tt❡r ❞❡✜♥❡❞
s❡♠❛♥t✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ❜✉t ❛❧s♦ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t✳
❚❤✐r❞✱ ✐❢ t❤❡ ♥❡❡❞ ❛r✐s❡s t♦ ❝♦♣② ❛rr❛②s ♦❢ ♣♦✐♥t❡rs✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ✈❡rs✐♦♥ ♦❢ ♠❡♠❝♣② s♣❡✲
❝✐❛❧✐③❡❞ ❢♦r t❤✐s ❝❛s❡✿
✈♦✐❞ ✯ ♠❡♠❝♣②❴♣tr✭✈♦✐❞ ✯✯ ❞❡st✱ ❝♦♥st ✈♦✐❞ ✯✯ sr❝✱ s✐③❡❴t ♥✮
④
❢♦r ✭✐ ❂ ✵❀ ✐ ❁ ♥ ✴ s✐③❡♦❢✭✈♦✐❞ ✯✮❀ ✐✰✰✮
❞❡st❬✐❪ ❂ sr❝❬✐❪❀
r❡t✉r♥ ❞❡st❀
⑥
❇♦t❤ ✈❡rs✐♦♥ ✶ ❛♥❞ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ s❤♦✇ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ❝♦rr❡❝t❧②
❝♦♣✐❡s ❛rr❛②s ♦❢ ♣♦✐♥t❡rs✳ ❲✐t❤ ✈❡rs✐♦♥ ✷✱ ✐t ♠✐❣❤t ❜❡ ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t str✉❝ts ❝♦♥t❛✐♥✐♥❣
❛ ♠✐①t✉r❡ ♦❢ ♣♦✐♥t❡r ✜❡❧❞s ❛♥❞ ♥✉♠❡r✐❝❛❧ ✜❡❧❞s✱ ♦r ❛rr❛②s ♦❢ s✉❝❤ str✉❝ts✱ ❛r❡ ❝♦♣✐❡❞ ✉♥❝❤❛♥❣❡❞
❛s ✇❡❧❧✳ ❚❤✐s ❝♦♥❥❡❝t✉r❡ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t t❤❛t ♣♦✐♥t❡r ✜❡❧❞s ✐♥ str✉❝ts ❛r❡ ❛❧✇❛②s ✹✲❛❧✐❣♥❡❞✱ ❛♥❞
❢♦r❝❡ t❤❡ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❡♥❝❧♦s✐♥❣ str✉❝t t♦ ❜❡ ❛t ❧❡❛st ✹✳
✺✳✸ ❈❛♣❛❜✐❧✐t②✿ ✜♥❡✲❣r❛✐♥❡❞ ❛❝❝❡ss ❝♦♥tr♦❧
❚❤❡ ♣❡r♠✐ss✐♦♥ ♠❡❝❤❛♥✐s♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ✈❡rs✐♦♥ ✷ ♦❢ t❤❡ ♠♦❞❡❧ ✐s ❡✛❡❝t✐✈❡ t♦ ❜❡tt❡r ❝♦♥tr♦❧ t❤❡
♠❡♠♦r② ♦♣❡r❛t✐♦♥s t❤❛t ❛r❡ ❛❧❧♦✇❡❞ ♦♥ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❛❧s♦ t♦ s✉♣♣♦rt ♠♦r❡ ❛❣❣r❡ss✐✈❡
♦♣t✐♠✐③❛t✐♦♥s ✐♥ t❤❡ ❈♦♠♣❈❡rt ❝♦♠♣✐❧❡r✳
▼♦r❡ ♣r❡❝✐s❡ s❡♠❛♥t✐❝s ❋r♦♠ t❤❡ st❛♥❞♣♦✐♥t ♦❢ t❤❡ ❈♦♠♣❈❡rt ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✱ t❤❡
✐♥✐t✐❛❧ ♠❡♠♦r② st❛t❡ ✐♥ ✇❤✐❝❤ ❛ ♣r♦❣r❛♠ st❛rts ❡①❡❝✉t✐♦♥ ✐s ❜✉✐❧t ❛s ❢♦❧❧♦✇s✳ ❋♦r ❡✈❡r② ❣❧♦❜❛❧
✈❛r✐❛❜❧❡ ♦❢ t❤❡ ❈ ♣r♦❣r❛♠✱ ❛ ♠❡♠♦r② ❜❧♦❝❦ ✐s ❛❧❧♦❝❛t❡❞✱ t❤❡♥ ✜❧❧❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦✈✐❞❡❞
❢♦r t❤✐s ✈❛r✐❛❜❧❡✱ ✐❢ ❛♥②✱ ♦r ❜② ❛ ❞❡❢❛✉❧t ✈❛❧✉❡ ♦❢ ✏❛❧❧ ③❡r♦❡s✑ ♦t❤❡r✇✐s❡❀ t❤❡♥✱ ♣❡r♠✐ss✐♦♥s ♦✈❡r t❤❡
✇❤♦❧❡ ❜❧♦❝❦ ❛r❡ ❞r♦♣♣❡❞ t♦
❼ ◆♦♥❡♠♣t② ✐❢ t❤❡ t②♣❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡ ❝❛rr✐❡s t❤❡ ✈♦❧❛t✐❧❡ ♠♦❞✐✜❡r❀
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✷✸
❼ ❘❡❛❞❛❜❧❡ ✐❢ t❤✐s t②♣❡ ❝❛rr✐❡s t❤❡ ❝♦♥st ♠♦❞✐✜❡r ❜✉t ♥♦t t❤❡ ✈♦❧❛t✐❧❡ ♠♦❞✐✜❡r❀
❼ ❲r✐t❛❜❧❡✱ ♦t❤❡r✇✐s❡✳
✭❈♦♠♣❈❡rt tr❡❛ts str✐♥❣ ❧✐t❡r❛❧s ❛s ❣❧♦❜❛❧✱ ✐♥✐t✐❛❧✐③❡❞ ❛rr❛②s ♦❢ ❝❤❛r❛❝t❡rs ✇✐t❤ t②♣❡ ❝♦♥st ❝❤❛r
❬❪✱ ❤❡♥❝❡ str✐♥❣ ❧✐t❡r❛❧s✱ t♦♦✱ ❣❡t ❘❡❛❞❛❜❧❡ ♣❡r♠✐ss✐♦♥s✳✮
❉r♦♣♣✐♥❣ ♣❡r♠✐ss✐♦♥s ♦✈❡r ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s ❤❛s s❡✈❡r❛❧ ❜❡♥❡✜ts✳ ❋✐rst✱ ❛tt❡♠♣t✐♥❣ t♦ ❞❡❛❧❧♦✲
❝❛t❡ ❛ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡ ♦r str✐♥❣ ❧✐t❡r❛❧ ❜② ❝❛❧❧✐♥❣ ❢r❡❡ ♦♥ ✐ts ❛❞❞r❡ss ♥♦✇ ❤❛s ✉♥❞❡✜♥❡❞ s❡♠❛♥t✐❝s✱
❛s ✐t s❤♦✉❧❞✳ ✭❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ♠❡♠♦r② ❜❧♦❝❦s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s
❛❧✇❛②s ❧❛❝❦ t❤❡ ❋r❡❡❛❜❧❡ ♣❡r♠✐ss✐♦♥✳✮ ❙❡❝♦♥❞✱ ✐t ✐s ♥♦✇ ❛ s❡♠❛♥t✐❝ ❡rr♦r ❢♦r ❛ ♣r♦❣r❛♠ t♦ tr②
t♦ ❛ss✐❣♥ ✐♥t♦ ❛ ❝♦♥st ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡✱ ♦r t♦ ❛❝❝❡ss ❛ ✈♦❧❛t✐❧❡ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡ t❤r♦✉❣❤ ♥♦r♠❛❧
❧♦❛❞ ❛♥❞ st♦r❡ ♦♣❡r❛t✐♦♥s✳
❚❤❡ ❧❛tt❡r ♣♦✐♥t ❞❡s❡r✈❡s ♠♦r❡ ❡①♣❧❛♥❛t✐♦♥s ♦♥ ❤♦✇ ❈♦♠♣❈❡rt ❤❛♥❞❧❡s t❤❡ ✈♦❧❛t✐❧❡ ♠♦❞✐✲
✜❡r✳ ❆❝❝❡ss❡s t♦ ❧✲✈❛❧✉❡s ❤❛✈✐♥❣ ✈♦❧❛t✐❧❡ st❛t✐❝ t②♣❡ ❛r❡ ❝♦♠♣✐❧❡❞ ❛♥❞ ❣✐✈❡♥ s❡♠❛♥t✐❝s ♥♦t ✈✐❛
♥♦r♠❛❧ ❧♦❛❞ ❛♥❞ st♦r❡ ♦♣❡r❛t✐♦♥s✱ ❜✉t ✈✐❛ s♣❡❝✐❛❧ ❜✉✐❧t✲✐♥ ❢✉♥❝t✐♦♥s✱ ❴❴❜✉✐❧t✐♥❴✈♦❧❛t✐❧❡❴r❡❛❞
❛♥❞ ❴❴❜✉✐❧t✐♥❴✈♦❧❛t✐❧❡❴✇r✐t❡ t❤❛t ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❧♦❝❛t✐♦♥ ❛❝t✉❛❧❧② ❛❝❝❡ss❡❞ ✐s ❛♥ ♦❜❥❡❝t
❞❡❝❧❛r❡❞ ✈♦❧❛t✐❧❡ ♦r ♥♦t✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ t❤❡ ✈♦❧❛t✐❧❡ ❛❝❝❡ss ✐s tr❡❛t❡❞ ❛s ❛♥ ✐♥♣✉t✴♦✉t♣✉t
♦♣❡r❛t✐♦♥✱ ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ t❤❡ ♦✉ts✐❞❡ ✇♦r❧❞ t❤r♦✉❣❤ ❛♥ ❡✈❡♥t ✐♥ t❤❡ tr❛❝❡ ♦❢ ♦❜s❡r✈❛❜❧❡s
❢♦r t❤❡ ♣r♦❣r❛♠✱ ❛♥❞ ❜②♣❛ss✐♥❣ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ❡♥t✐r❡❧②✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ✈♦❧❛t✐❧❡
❛❝❝❡ss ✐s tr❡❛t❡❞ ❛s ❛ r❡❣✉❧❛r ❧♦❛❞✴st♦r❡ ♦♣❡r❛t✐♦♥✳ ❚♦ s✉♠♠❛r✐③❡✿
❙t❛t✐❝ t②♣❡ ❙❡♠❛♥t✐❝s ✫ ❝♦♠♣✐❧❛t✐♦♥ ❆❝t✉❛❧ ❧♦❝❛t✐♦♥ ❛❝❝❡ss❡❞
♥♦t ✈♦❧❛t✐❧❡ ✈♦❧❛t✐❧❡
♥♦t ✈♦❧❛t✐❧❡ r❡❣✉❧❛r ❧♦❛❞✴st♦r❡ ♦♣❡r❛t✐♦♥ ❧♦❛❞✴st♦r❡ ❡rr♦r
✈♦❧❛t✐❧❡ ❴❴❜✉✐❧t✐♥❴✈♦❧❛t✐❧❡ ♦♣❡r❛t✐♦♥ ❧♦❛❞✴st♦r❡ ■✴❖ ❡✈❡♥t
❚❤❡ s❡♠❛♥t✐❝ ❡rr♦r ✐♥ t❤❡ t♦♣ r✐❣❤t ❝❛s❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❝❝❡ss❡❞ ❧♦❝❛t✐♦♥ ❧❛❝❦✐♥❣ ❘❡❛❞❛❜❧❡
❛♥❞ ❲r✐t❛❜❧❡ ♣❡r♠✐ss✐♦♥s✳ ■t ❛❣r❡❡s ✇✐t❤ t❤❡ ♣r❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ❈ st❛♥❞❛r❞s✱ ✇❤✐❝❤ st❛t❡ t❤❛t
✉♥❞❡✜♥❡❞ ❜❡❤❛✈✐♦r ❛r✐s❡s ✐❢ ❛ ✈♦❧❛t✐❧❡ ♦❜❥❡❝t ✐s ❛❝❝❡ss❡❞ t❤r♦✉❣❤ ❛ ♥♦♥✲✈♦❧❛t✐❧❡ ❧✲✈❛❧✉❡✱ ❛s
❝❛♥ ❛r✐s❡ ✐❢ ❛ ♣♦✐♥t❡r ❝❛st ✐s ✉s❡❞ t♦ r❡♠♦✈❡ t❤❡ ✈♦❧❛t✐❧❡ ♠♦❞✐✜❡r ❢r♦♠ t❤❡ t②♣❡ ♦❢ t❤❡ ♣♦✐♥t❡❞
♦❜❥❡❝t✳
❚❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡ ✐s ❢r❛♠❡❞ ✐♥ t❡r♠s ♦❢ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✳ ❋♦r ❢✉♥❝t✐♦♥✲❧♦❝❛❧ ✈❛r✐❛❜❧❡s✱
❈♦♠♣❈❡rt ❡ss❡♥t✐❛❧❧② ✐❣♥♦r❡s t❤❡ ❝♦♥st ❛♥❞ ✈♦❧❛t✐❧❡ ♠♦❞✐✜❡rs✿ ✈♦❧❛t✐❧❡ ❧♦❝❛❧ ✈❛r✐❛❜❧❡s ♠❛❦❡
❧✐tt❧❡ s❡♥s❡✱ ❛s t❤❡② ❝❛♥♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛ ❤❛r❞✇❛r❡ ♠❡♠♦r② ❞❡✈✐❝❡❀ ❝♦♥st ❧♦❝❛❧ ✈❛r✐❛❜❧❡s ❝❛♥♥♦t
❤❛✈❡ t❤❡✐r ♣❡r♠✐ss✐♦♥s ❞r♦♣♣❡❞✱ ❜❡❝❛✉s❡ t❤❡r❡ ✇♦✉❧❞ ❜❡ ♥♦ ✇❛② t♦ r❛✐s❡ t❤❡s❡ ♣❡r♠✐ss✐♦♥s ❜❛❝❦
t♦ ❋r❡❡❛❜❧❡ ❜❡❢♦r❡ ❞❡❛❧❧♦❝❛t✐♥❣ t❤❡♠ ❛t ❢✉♥❝t✐♦♥ r❡t✉r♥ t✐♠❡✳
▼♦r❡ ❛❣❣r❡ss✐✈❡ ♦♣t✐♠✐③❛t✐♦♥s ❲❡ ✐♠♣r♦✈❡❞ t❤❡ ❝♦♥st❛♥t ♣r♦♣❛❣❛t✐♦♥ ♣❛ss ♦❢ ❈♦♠♣✲
❈❡rt ✶✳✶✶ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ✏❝♦♥st✲♥❡ss✑ ♦❢ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✳ ❈♦♥s✐❞❡r✿
❝♦♥st ✐♥t ♥ ❂ ✶❀
❝♦♥st ❞♦✉❜❧❡ t❜❧❬✸❪ ❂ ④ ✶✳✶✶✱ ✷✳✷✷✱ ✸✳✸✸ ⑥❀
❞♦✉❜❧❡ ❢✭✈♦✐❞✮ ④ r❡t✉r♥ t❜❧❬♥❪❀ ⑥
❖✇✐♥❣ t♦ t❤❡ ❝♦♥st ♠♦❞✐✜❡rs✱ t❤❡ ✈❛❧✉❡ ♦❢ ♥ ✐s ❛❧✇❛②s ✶ t❤r♦✉❣❤♦✉t ❡①❡❝✉t✐♦♥✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢
t❜❧❬✶❪ ✐s ❛❧✇❛②s ✷✳✷✷✳ ■t ✐s t❤❡r❡❢♦r❡ ❧❡❣✐t✐♠❛t❡ t♦ ♦♣t✐♠✐③❡ ❢✉♥❝t✐♦♥ ❢ ✐♥t♦
❞♦✉❜❧❡ ❢✭✈♦✐❞✮ ④ r❡t✉r♥ ✷✳✷✷❀ ⑥
❚❤✐s ✐s ✇❤❛t t❤❡ ✐♠♣r♦✈❡❞ ❝♦♥st❛♥t ♣r♦♣❛❣❛t✐♦♥ ♣❛ss ♥♦✇ ❞♦❡s✳ ■ts ❝♦rr❡❝t♥❡ss ♣r♦♦❢ ✭s❡♠❛♥t✐❝
♣r❡s❡r✈❛t✐♦♥✮ ♥✐❝❡❧② ❡①♣❧♦✐ts t❤❡ ♥❡✇ ❢❡❛t✉r❡s ♦❢ t❤❡ ❈♦♠♣❈❡rt ✈✷ ♠❡♠♦r② ♠♦❞❡❧✳ ◆❛♠❡❧②✱ t❤❡
♣r♦♦❢ s❤♦✇s t❤❛t t❤❡ ❝♦♥t❡♥ts ♦❢ ❝♦♥st ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s ❛r❡ ✐❞❡♥t✐❝❛❧ ✐♥ t❤❡ ✐♥✐t✐❛❧ ♠❡♠♦r② st❛t❡
❛♥❞ ✐♥ t❤❡ ♠❡♠♦r② st❛t❡ ❛t ❛♥② ♣♦✐♥t ♦❢ t❤❡ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥✳ ■♥❞❡❡❞✱ ❛ s✉❝❝❡ss❢✉❧ st♦r❡
❘❘ ♥➦ ✼✾✽✼
✷✹ ▲❡r♦②✱ ❆♣♣❡❧✱ ❇❧❛③②✳ ❙t❡✇❛rt
♦♣❡r❛t✐♦♥ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❝❛♥♥♦t ❝❤❛♥❣❡ t❤❡ ❝♦♥t❡♥ts ♦❢ ❛ ♠❡♠♦r② ❜❧♦❝❦ ❛tt❛❝❤❡❞
t♦ ❛ ❝♦♥st ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✱ ❜❡❝❛✉s❡ ✶✲ s✉❝❤ ❛ ♠❡♠♦r② ❜❧♦❝❦ ❤❛s ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥ ❘❡❛❞❛❜❧❡
✭❛t ♠♦st✮ ✐♥ t❤❡ ✐♥✐t✐❛❧ ♠❡♠♦r② st❛t❡❀ ✷✲ ♠❛①✐♠❛❧ ♣❡r♠✐ss✐♦♥s ♦✈❡r ❛❧r❡❛❞②✲❛❧❧♦❝❛t❡❞ ❜❧♦❝❦s ❝❛♥
♦♥❧② ❞❡❝r❡❛s❡ ❞✉r✐♥❣ ❡①❡❝✉t✐♦♥❀ ❛♥❞ ✸✲ ❛ s✉❝❝❡ss❢✉❧ st♦r❡ r❡q✉✐r❡s ❲r✐t❛❜❧❡ ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥s
♦✈❡r t❤❡ ❧♦❝❛t✐♦♥s ✐t ♠♦❞✐✜❡s✳
❇❡s✐❞❡s s♣♦rt✐♥❣ ❛ ♥✐❝❡ ♣r♦♦❢ ♦❢ s❡♠❛♥t✐❝ ♣r❡s❡r✈❛t✐♦♥✱ ❝♦♥st❛♥t ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝♦♥st ❣❧♦❜❛❧
✈❛r✐❛❜❧❡s ♥♦t✐❝❡❛❜❧② ✐♠♣r♦✈❡s t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛ss❡♠❜❧② ❝♦❞❡ ♣r♦❞✉❝❡❞ ❜② ❈♦♠♣❈❡rt ✐♥ s♦♠❡
❝❛s❡s✳ ❖♥❡ ❡①❛♠♣❧❡ t❤❛t ✇❡ ♦❜s❡r✈❡❞ ✐s ❈ ❝♦❞❡ ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡❞ ❢r♦♠ ❙❝❛❞❡✱ ✇❤❡r❡ t❤❡
❈ ❝♦❞❡ ❣❡♥❡r❛t♦r ♣✉ts ♠❛♥② ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥ts ✐♥ ❝♦♥st ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s r❛t❤❡r t❤❛♥ ♥❛♠✐♥❣
t❤❡♠ ✇✐t❤ ♠❛❝r♦s✳
✻ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❱❡rs✐♦♥ ✷ ♦❢ t❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ❡♥❛❜❧❡s t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ s♦✉r❝❡ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡
❧❛♥❣✉❛❣❡s ♦❢ ❈♦♠♣❈❡rt t♦ ❞❡s❝r✐❜❡ t❤❡ ♠❡♠♦r② ❜❡❤❛✈✐♦r ♦❢ ♣r♦❣r❛♠s ✇✐t❤ ✐♥❝r❡❛s❡❞ ♣r❡❝✐s✐♦♥✱
✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♠❡♠♦r② ♦♣❡r❛t✐♦♥s t❤❛t ❈♦♠♣❈❡rt✬s ❝♦rr❡❝t♥❡ss ♣r♦♦❢ r❡❧✐❡s
♦♥✳ ❚❤✐s ✐♥❝r❡❛s❡ ✐♥ ♣r❡❝✐s✐♦♥ tr❛♥s❧❛t❡s ✐♥t♦ t✇♦ ✐♠♣r♦✈❡♠❡♥ts✿
❼ ▼♦r❡ ♦❢ t❤❡ ♣♦♣✉❧❛r✱ ❧♦✇✲❧❡✈❡❧✱ ♥♦♥✲st❛♥❞❛r❞✲❝♦♥❢♦r♠❛♥t ❈ ♣r♦❣r❛♠♠✐♥❣ ✐❞✐♦♠s✱ s✉❝❤ ❛s
❜✐t✲❧❡✈❡❧ ♠❛♥✐♣✉❧❛t✐♦♥s ♦❢ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ✐♥t❡❣❡rs ❛♥❞ ✢♦❛ts✱ ❝❛♥ ❜❡ ❣✐✈❡♥
✇❡❧❧✲❞❡✜♥❡❞ s❡♠❛♥t✐❝s ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❜❡ ♣r♦✈❡❞ ❝♦rr❡❝t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ❤✐❣❤✲❧❡✈❡❧
s♣❡❝✐✜❝❛t✐♦♥s✱ ❜✉t ❛❧s♦ ❣✉❛r❛♥t❡❡❞ t♦ ❜❡ ❝♦♠♣✐❧❡❞ ❜② ❈♦♠♣❈❡rt ✐♥ ❛ s❡♠❛♥t✐❝s✲♣r❡s❡r✈✐♥❣
♠❛♥♥❡r✳
❼ ▼♦r❡ ♦❢ t❤❡ s❡r✐♦✉s ❈ ✉♥❞❡✜♥❡❞ ❜❡❤❛✈✐♦rs✱ s✉❝❤ ❛s ♠♦❞✐❢②✐♥❣ ❛ str✐♥❣ ❧✐t❡r❛❧✱ ❝❛♥ ❜❡
❝❛♣t✉r❡❞ ❛s ❡rr♦rs ❜② t❤❡ ❈♦♠♣❈❡rt ❢♦r♠❛❧ s❡♠❛♥t✐❝s✱ ❡♥❛❜❧✐♥❣ t❤❡ ❈♦♠♣❈❡rt ❝♦♠♣✐❧❡r
t♦ ♣❡r❢♦r♠ ♠♦r❡ ❛❣❣r❡ss✐✈❡ ♦♣t✐♠✐③❛t✐♦♥s ❛♥❞ ❛♥ ❤②♣♦t❤❡t✐❝❛❧ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧ ❜❛s❡❞ ♦♥
❈♦♠♣❈❡rt✬s s❡♠❛♥t✐❝s t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ s✉❝❤ ❡rr♦rs✳
❚❤❡ ♠❛✐♥ ❧✐♠✐t❛t✐♦♥ t❤❛t r❡♠❛✐♥s ❈♦♠♣❈❡rt✬s ♠❡♠♦r② ♠♦❞❡❧ ✐s ✐ts ✐♥❛❜✐❧✐t② t♦ ♠♦❞❡❧ ❜②t❡✲❧❡✈❡❧
❛❝❝❡ss t♦ ♣♦✐♥t❡r ✈❛❧✉❡s✱ ❛s ❝❛♥ ❤❛♣♣❡♥ ✐♥ ❜❧♦❝❦ ❝♦♣② ♦♣❡r❛t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡✳ ❲❡ ❛r❣✉❡❞ t❤❛t
t❤✐s ❧✐♠✐t❛t✐♦♥ s❡❡♠s t♦ ❜❡ ♦❢ ❧♦✇ ♣r❛❝t✐❝❛❧ ✐♠♣♦rt❛♥❝❡✳ ◆♦♥❡t❤❡❧❡ss✱ ✇❡ s❡❡ t✇♦ ✇❛②s t♦ ❧✐❢t t❤✐s
❧✐♠✐t❛t✐♦♥✿
❼ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ ✐s ❢❛✐r❧② ❛❞✲❤♦❝ ❛♥❞ ❝♦♥s✐sts ✐♥ ❡①t❡♥❞✐♥❣ ❈♦♠♣❈❡rt✬s t②♣❡ ♦❢ ✈❛❧✉❡s ✇✐t❤
❛ ✜❢t❤ ❝❛s❡✱ Vptr❴fragment(b, i, n)✱ ❛❜str❛❝t❧② ❞❡♥♦t✐♥❣ t❤❡ n✲t❤ ❜②t❡ ♦❢ t❤❡ ✐♥✲♠❡♠♦r②
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦✐♥t❡r Vptr(b, i)✳ ❇②t❡✲s✐③❡❞ ❧♦❛❞ ❛♥❞ st♦r❡ ♦♣❡r❛t✐♦♥s ✇♦✉❧❞ tr❛♥s❧❛t❡
❜❡t✇❡❡♥ t❤❡ Vptr❴fragment(b, i, n) ✈❛❧✉❡ ❛♥❞ t❤❡ Pointer(b, i, n) ♠❡♠✈❛❧ ✇✐t❤♦✉t ❧♦ss
♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ▼♦st ✐❢ ♥♦t ❛❧❧ ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥s ✇♦✉❧❞ ❜❡ ✉♥❞❡✜♥❡❞ ♦✈❡r ✈❛❧✉❡s ♦❢
t❤❡ ❱♣tr❴❢r❛❣♠❡♥t ❦✐♥❞✳ ❚❤✐s ✐s t❤❡ ♠✐♥✐♠❛❧ ❡①t❡♥s✐♦♥ t❤❛t ✇♦✉❧❞ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ t❤❡
♠❡♠❝♣② ❡①❛♠♣❧❡✳
❼ ❚❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✐s ♠✉❝❤ ♠♦r❡ r❛❞✐❝❛❧✿ r❡♣❧❛❝❡ ❈♦♠♣❈❡rt✬s ❝✉rr❡♥t ✏✈❛❧✉❡✑ t②♣❡ ✭❛ ❞✐s✲
❝r✐♠✐♥❛t❡❞ ✉♥✐♦♥ ♦❢ ✐♥t❡❣❡r✱ ✢♦❛t✱ ♣♦✐♥t❡r ❛♥❞ ✉♥❞❡✜♥❡❞ ✈❛❧✉❡s✮ ❜② t❤❡ t②♣❡ ❧✐st ♠❡♠✈❛❧
♦❢ ❧✐sts ♦❢ ❜②t❡✲❧❡✈❡❧✱ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ✈❛❧✉❡s✳ ❚❤✐s ✐s t❤❡ ❛♣♣r♦❛❝❤ ❢♦❧❧♦✇❡❞
❜② ◆♦rr✐s❤ ✐♥ ❤✐s ❈❤♦❧❡r❛ ❢♦r♠❛❧ s❡♠❛♥t✐❝s ❢♦r t❤❡ ❈ ❧❛♥❣✉❛❣❡ ❬✶✸❪✿ ✐♥ ❈❤♦❧❡r❛✱ r✲✈❛❧✉❡
❡①♣r❡ss✐♦♥s ❡✈❛❧✉❛t❡ ✭❝♦♥❝❡♣t✉❛❧❧②✮ t♦ t❤❡✐r ❜②t❡✲❧❡✈❡❧✱ ✐♥✲♠❡♠♦r② r❡♣r❡s❡♥t❛t✐♦♥s✳ ■♥ t❤✐s
❛♣♣r♦❛❝❤✱ ❡♥❝♦❞✐♥❣ ❛♥❞ ❞❡❝♦❞✐♥❣ ✐♥t❡❣❡r✴✢♦❛t✴♣♦✐♥t❡r ✈❛❧✉❡s t♦ ❛♥❞ ❢r♦♠ ❧✐sts ♦❢ ❜②t❡s ✐s
♥♦ ❧♦♥❣❡r ♣❡r❢♦r♠❡❞ ❛t ❧♦❛❞✴st♦r❡ t✐♠❡✱ ❜✉t r❛t❤❡r ✇❤❡♥ ❛♥ ❛r✐t❤♠❡t✐❝ ♦r ❧♦❣✐❝❛❧ ♦♣❡r❛t✐♦♥
✐s ♣❡r❢♦r♠❡❞✳ ❚❤✐s ✐s ❛ ♠❛❥♦r ❞❡♣❛rt✉r❡ ❢r♦♠ t❤❡ ❛♣♣r♦❛❝❤ ❢♦❧❧♦✇❡❞ ✐♥ ❈♦♠♣❈❡rt s♦ ❢❛r✳
❋✐♥❛❧❧②✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ✜♥❡✲❣r❛✐♥❡❞ ♣❡r♠✐ss✐♦♥s ✐♥ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ✐s ❛ ✜rst st❡♣ t♦✇❛r❞s
❡①t❡♥❞✐♥❣ ❈♦♠♣❈❡rt t♦ s❤❛r❡❞✲♠❡♠♦r②✱ ❞❛t❛✲r❛❝❡✲❢r❡❡ ❝♦♥❝✉rr❡♥❝②✳ ❋✉rt❤❡r st❡♣s ✐♥ t❤✐s ❞✐✲
■♥r✐❛
❚❤❡ ❈♦♠♣❈❡rt ♠❡♠♦r② ♠♦❞❡❧ ✈❡rs✐♦♥ ✷ ✷✺
r❡❝t✐♦♥ ✐♥❝❧✉❞❡ r❡✲❡♥❣✐♥❡❡r✐♥❣ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❈♦♠♣❈❡rt✬s ❧❛♥❣✉❛❣❡s ❛r♦✉♥❞ t❤❡
✏♦r❛❝❧❡✑ ♠♦❞❡❧ ♦❢ ❉♦❝❦✐♥s ❛♥❞ ❆♣♣❡❧ ❬✷❪✳
❆❝❦♥♦✇❧❡❞❣♠❡♥ts
❲❡ t❤❛♥❦ P❛s❝❛❧ ❈✉♦q✱ ❘♦❜ ❉♦❝❦✐♥s ❛♥❞ ❆❧❡①❛♥❞r❡ P✐❧❦✐❡✇✐❝③ ❢♦r t❤❡✐r s✉❣❣❡st✐♦♥s ❛♥❞ ❢❡❡❞❜❛❝❦
♦♥ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ✈✷ ♠❡♠♦r② ♠♦❞❡❧ ❛♥❞ ✐ts ✉s❡s ✐♥ t❤❡ ❈♦♠♣❈❡rt s❡♠❛♥t✐❝s ❛♥❞ ❝♦rr❡❝t♥❡ss
♣r♦♦❢s✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❙❛r✐t❛ ❱✳ ❆❞✈❡ ❛♥❞ ❍❛♥s✲❏✳ ❇♦❡❤♠✳ ▼❡♠♦r② ♠♦❞❡❧s✿ ❆ ❝❛s❡ ❢♦r r❡t❤✐♥❦✐♥❣ ♣❛r❛❧❧❡❧ ❧❛♥✲
❣✉❛❣❡s ❛♥❞ ❤❛r❞✇❛r❡✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✺✸✭✽✮✿✾✵✕✶✵✶✱ ✷✵✶✵✳
❬✷❪ ❆♥❞r❡✇ ❲✳ ❆♣♣❡❧✳ ❱❡r✐✜❡❞ s♦❢t✇❛r❡ t♦♦❧❝❤❛✐♥ ✲ ✭✐♥✈✐t❡❞ t❛❧❦✮✳ ■♥ Pr♦❣r❛♠♠✐♥❣ ▲❛♥❣✉❛❣❡s
❛♥❞ ❙②st❡♠s ✕ ✷✵t❤ ❊✉r♦♣❡❛♥ ❙②♠♣♦s✐✉♠ ♦♥ Pr♦❣r❛♠♠✐♥❣✱ ❊❙❖P ✷✵✶✶✱ ✈♦❧✉♠❡ ✻✻✵✷ ♦❢
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